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Introduction

Due to the restriction to (finite) linear combinations classical vector space bases are not
always suitable for the analysis of infinite dimensional spaces. Therefore, it is natural in
some way to consider generalized basis concepts.

Note, that all vector spaces in this paper are spaces over the field F, where F denotes
the field of real numbers R or the field of complex numbers C. Whenever reference is
made to some topological property, the norm topology is implied.

Definition 0.1 A sequence (x,),, .y in a Banach space (X, ||.||x) is a called a Schauder
basis of X if for every x € X there exists a unique sequence (), oy of scalars such that

T =) 7 any, i.e. such that limy_,o HIE - 27]:[:1 onZnll =0.

X
Throughout this paper we make the convention that a basis for a Banach space shall be
a Schauder basis, unless explicit reference is made to a vector space basis.

Propostion 0.2 Suppose that (xy,),,cy is a basis for a Banach space X. Then (xy,),cn
1s linearly independent. In particular, every banach space with a basis is infinite dimen-
stonal.

Proof: Suppose that an element = of X could be written in two different ways as a finite

linear combination of the terms of (z,,),cy, i.e. for n,m € N, ()i, € F*, (8;)i~, € F™
satisfying o, # 0 # By and (a)i; # (Bi)i2; we had = = Yom g = Zj;l Bix;.
Then we had Y%, dix; = > ooy Biwi, for (&;)ien == (a1, ...,05,0,0,...) and (5;)ien =
(B1y-+yBm,0,0,...). This is a contradiction to the uniqueness of expansions of vectors
in terms of a basis in X.

O



1 Coordinate Functionals

Our first aim is to show that the continuity of the coordinate functionals - a property that
has been required in Schauder’s original defintion - follows from the rest of Definition
0.1.

Definition 1.1 Let X be a Banach space with basis (z,),cy. For each m € N the
maps ), : X = F: > apay — ap and P, 0 X — X 0 ) 22 Xy — Y0 Gy
are called the m" coordinate functional and the m* natural projection associated with
(%n),en respectively.

Remark 1.2 Due to the uniqueness of expansions of each vector in terms of a basis
required in definition 0.1 it is instantly verified, that the coordinate functionals actually
are linear and the natural projections are projections.

For the sake of convenience we will not work with the original norm of the underlying
Banach space, but with the following one.

Lemma 1.3 Let (X, ||.|[x) be a Banach space with basis (xy,),cy. Then the norm ||.||
defined by the formula ||>°07 | antnl| = SUpP,en [|Doneq nZnlly is a Banach space norm
equivalent to the norm ||.||x (i.e. they induce the same topology) satisfying ||x| > ||z| x
forallz e X.

Proof: We prove this lemma in four steps. In step one and step two we show, that ||.||
actually is a norm and the claimed inequality, respectively. In step three we find a limit
in X for a random Cauchy sequence with respect to ||.|| in X. Finally, in step four we
complete the proof by using the open mapping theorem to show the equivalence of the
two norms.

Note that in this proof convergence of series in X is always meant to be with respect
to || x-

1. Since the other two requirements of the definition of a norm follow instantly from
the fact that ||.|| y is a norm, we will confine ourselves to showing that the triangle
inequality holds for ||.||. For this purpose pick two vectors z and y in X having the



expansions £ = » o2 | ap&p and y = > > | Gn%y. Then by the linearity of P,

n=1 n=1 X
m m

< sup Zanmn Zdn:nn

meN n—1 n—1 X
< sup Zanxn + sup Zan:cn

meN ¥ meN ¥

n=1 n=1
2. For a vector x in X with the expansion z = ) °, a,z, we obtain from the

continuity of the norm ||.||

E Qnln

||| = = sup > lim
meN n—oo

X

m

Z UnTn|| =
n=1 X X
. We want to show next, that an arbitrary Cauchy sequence (b;);eny = (3on21 Bn.iTn);en
with respect to ||.|| in X converges towards Y7 | Bpay in X, for £, := lim; .o B,
n € N. In order to see that the sequence (8,),y is Cauchy and hence convergent
in F for each n € N let j,k,n be in N and n > 2. Then we have

181 — x = (B = Bik) 7l
< sup | (B — Bip) @ > (B = Bur) -
meN |17 x =1
and
1Bn,j = Bkl 1zallx = 1(Bnj — Bnk) - @all x
n n—1

= Z(ﬁl,j —Big) w1 — Z(/Bl,j — Buk) -2

=1 =1 X
n n—1
< DBy = Buk) - > (Brj = Buk) -
=1 X =1 X
m m
< sup Z Bij — Buik) - || + sup Z Buj — Bik) -
meN = b% meN 1 P%

Z Brj — Buk)




As (32021 Bniitn) ey is Cauchy so must be (Bn,i);cy for each n € N. Thus the
sequence (By),,cy is well-defined.

Since (3252 Bn,itn);ey is Cauchy with respect to ||.]| we may choose i(e) € N for
each fixed € > 0 such that for i,5, M € N, 7,5 > i(e)

m
/Bn JTn — Z ﬁn,iwn = Ssup Z Bn JTn — Z ﬁn,ixn
n=1 meN n=1 X
JLn — Z 571,@'1'71
n=1 X
The inequality holds true for j — oco. This way we obtain for all i > i(e)
M M ¢
Zﬁnxn - Zﬁn,zxn < 3 (1.1)
n=1 n=1 X

We will complete the proof of this step by showing, that (3°77; Bnizn), iy converges
towards > o2 | Bnxp. Therefore, it is necessary to show, that Y 7, B,y exists.
Due to the completeness of (X, ||.||x) it is sufficient to proof that > 7, fBpxy is
Cauchy with respect to |[|.|| -

Suppose that mi,mg € N, mg > m; > 1. Using (1.1) we have

ma ma
Z Bry — Z ﬁn,i:Un (12)
n=m; n=mj1 X
mo mi1— 1 miq— 1
= Z Bny — Z ﬁn iTn T Z Bnxn = Z ﬁn iLn
n=mi n=msi X
mao mi1—1 mi1—1
= Z Bnn — Z ﬁn,ixn - Z Bnn + Z 6n,ixn
n=1 n=1 n=1 n=1 X
ma ma m1—1 m1—1
< Z Brnn — Z /Bn,ixn Z Bny — Z 6n,ixn
n=1 n=1 X n=1 n=1 X
€ € 2e
< £L.E _ 2% 1.3
-3 3 3 (1.3)

o o loQ oo . 1Q 1 1 3 3
As the series ) | 3,2y is the expansion of a vector in X in terms of (z),,cy,

it must be convergent and so must be (HZQLI Bn,iTn . Therefore we can

choose m(e) € N such that

X)NeN

mo
Z ﬂn,imn

n=mj

<
X

< (1.4)




for mg,m; € N, mg > my > m(e). Finally (1.3) and (1.4) give us the Cauchy
criterion for our series Y 7| Bpp:

n=mj n=mj n=mq X
mao
2e
E Bnn — E ﬁn,ixn E 671 iLn < g + - = €
n=mi n=mji n=mi X

and the convergence of > >° | B,z is proven.

Since inequality (1.1) still holds when taking the supremum over all M € N we see

€
= Sup S ga
X

o0 [e'S) M M
Z Bny — Z ﬁn,ixn Z By — Z ﬁn,il‘n
n=1 n=1 N n=1 n=1

which completes the proof of this step.

4. The identity map I : (X, |.|) — (X,].|lx) is a bijective, linear and due to the
inequality, proofed in step 2, continuous operator. The open mapping theorem!
ensures, that 171 : (X, |.||x) — (X, ||.||) is continuous too.

O

Theorem 1.4 Let (X, ||.|[x) be a Banach space with basis (xy),cy. Then all natural
projections and all coordinate functionals associated with (), are continuous.

Proof: Fix m in N and a member of X having the expansion Z _1 apy. Define a
sequence (Gp)nen by
~ Ay, n S m
ay =
0, else.

Then the unique expansion of Py, (3°,7 1 oy ) in terms of (2,),, o is given by > ~7° | &2
Now the continuity of the natural projection Py, for (x,), oy follows from

00 00 M
P, <Z anmn) || = Z QnTyp|| = sup Z Ty = sup Z QnTn
— o MeN ¥ M=1,....m ne1 ¥
M M fee)
= sup Z QpTn, < sup Z anTy, = Z QnTy,
M=1,...m n=1 X MeN n=1 X n=1

!see e.g. [1] theorem 12.1 and 12.5



For each m > 1 the coordinate functional z;;, associated with (), oy is continuous as
it is the composition of continuous maps

S 00
Z AnTp (Pm - mel) <Z anxn) = OmTm = gy
n=1

n=1

and so it is for m =1

[o@) oo
E anTn — Pp E anTn | = 121 — ag.

n=1 n=1

O

Remark 1.5 Consequently each coordinate functional associated with a basis in a Ba-
nach space X is a member of the continuous dual space X’ of X. Though it turns out,
that in general the sequence of coordinate functionals does not have to be a basis for X,
it can be shown, that it is allways a so called basic sequence, i.e. a basis for the closed
linear hull of the collection of all coordinate functionals.



2 Banach's Basis Problem

2.1 Motivation

In the following proposition we will see, that every Banach Space having a basis is sepa-
rable. The question whether the converse is true, i.e. whether every infinite dimensional
separable Banach space has a basis, is known as the classical basis problem for Banach
spaces. It remained open for forty years until Per Enflo found a counterexample in 1973.

Below we will give the construction of a closed subspace of [P, for 2 < p < oo, that
fails to have a basis, due to A.M. Davie 2|, reproduced in [3] and [6].

Propostion 2.1 Every Banach space X with a basis (zr,),cy 15 separable.

Proof: We want to show, that the countable set

m
A= {Zan:cn:al,...,anEQ,meN},
n=1

where Q denotes the rational numbers or respectively the complex numbers with rational
real and imaginary part, is dense in X. Since an arbitrary element of X having the
expansion Y ° | &, in terms of (z,),y can be written as imy_.oo Zﬁle Ty, 1t
follows that X = span ({z,, : n € N}). Therefore, it suffices to show that A is a dense
subset of span({z, : n € N}).

Fix k€ N, x1,...,2; € {zp :n € N} and o, ..., € F. Due to the fact, that Q is
dense in IF, there is a sequence (a;)ien € Q converging towards a; for each j = 1,... k.
From the continuity of the vector space operations it follows, that

k k
.hm E aj,ixj: E ozjwj,
1—00

j=1 7j=1

i.e. an arbitrary element of span({z, : n € N}) can be written as the limit of a sequence
in A, which completes the proof of this proposition.

]

2.2 A Counterexample to the Basis Problem

In our counterexample we will prove the existence of a closed subspace of [, 2 < p < o0,
lacking a certain property. Therefore, it is essential, that every Banach space with a
basis has this property.



Definition 2.2 A Banach space X is said to have the approximation property if for
each compact set C C X and each € > 0 there exists a bounded linear Operator Ac
from X into X having finite rank such that ||Ac .z — x| < € for each z in C.

Theorem 2.3 Let (X, ||.|x) be a Banach space with basis (x,) Then X has the

approrimation property.

neN-

Proof: Let C be a compact subset of X and € > 0. By the preceding lemma it is
sufficient to show that there is an N in N such that ||Pyz — z||y < € for each z in C.

It follows readily from the uniform boundedness principle! that IT := sup,,cy || Pal| is
finite. Due to the compactness of C' we can pick finitely many yi, ...,y in C such that
min;—; |z — yil| x < m for each x in C.

Let xo be in C. Then there is j € N such that ||zg —y;[|y < sioy and, since it
follows from definition 0.1 that lim, .o ||y; — Payjlly = 0, there is N. € N such that

ly; — Pay;lly < § for each n > N.. We conclude

|Przo — wollxy = [[Pawo — 0 £y; + Paysll
< lyj—=zollx +  [Pays — Pazolly  +ly; — Payjllx
<IPalllg;—ollx <Hlly;—zoll
< A+ y —molly+5 < A+ +5 = S48 = ¢
2 201+1) "2 22

O

In the following lemma we give an equivalent condition for a Banach space to have the
approximation property. For a proof we refer e.g. to [3] theorem 1.e.4.

Lemma 2.4 Suppose that (X, ||.||x) is Banach space. Then the following are equivalent.
(i) X has the approzimation property.

(i) Yoy xp(zn) = 0 for all sequences (xy),cy in X and (z3), oy in X* satisfying
Yooty lznll x llzkll < oo and Y07 xh(x)xn = 0 for each x in X, when X' denotes
the continuous dual space of X.

In our proof of the existence of a subspace of I,, 2 < p < oo, lacking the approxima-
tion property, we will use an infinite matrix A = (a; ;)i jen of a certain type. For the
construction of A we need two lemmata. Thus we want to recall some simple facts from
probability theory and from group theory.

Remark 2.5

(i) If n is a discrete random variable, i.e. a measurable function from a probability
space to a discrete subset of the real numbers?, taking the values 7,, with probabil-
ities P(n = n,), then the expected value of 7 is given by E(n) = >, n.P(n = ny).

'see e.g. [1] theorem 14.1
or more general, of a measurable space

10



(ii) The expected value is linear and monotonic and if 7y, ..., n, are independent ran-
dom variables we have E (T, n:) = [[;; E(n).

(iii) If v is a random variable and A > 0 we have P(y > 0) = E(1(g o(7)), where 1(g o)
denotes the characteristic funcion of (0,00). Since 1(g)(7) < eM for all v and
A > 0, we obtain P(y > 0) < E(eM).

(iv) Let (a;)Y¥, be a sequence of real numbers. Suppose, that the sequence (p;)¥., C
[0, 1] satisfies Zfil p; = 1. Then there exists a sequence of independent random
variables (pn),,cn, such that each p;, takes the value a; with probability p;, for each
i=1,...,N.

Let be G be a finite abelian Group of order k, i.e. an abelian group having k elements,
then

(v) G has exactly k characters, i.e. homomorphism from G into the multiplicative
group ({z € C: |z| =1}, ),

(vi) if w is a character of G we have w(g) = w(g~?!) for all g € G and w(e) = 1 for the
identity element e of G and

(vii) any two different characters wy and wy of G are orthogonal, i.e. 3 wi(g)wa(g™1) =
ZggG w1(g)wz2(g) = 0.

Lemma 2.6 Let (pn)r]:[:1 and (oan)rjyzl be finite sequences of independent random vari-
ables and complex numbers, respectively. If

(i) each py, takes the value 2 with probability % and —1 with probability % or
(ii) each py, takes the values 1 and —1 with probability %,
then there exists an absolute constant L such that

N N % I
> anpn| > L <log(N) > yan|2> <5 (2.1)
n=1

n=1

P

One possible choice of L is L = 3v/3.

Proof: First we consider real a,’s. If a, = 0 for all n = 1,..., N, the assertion of
this lemma is trivial. Thus, let (a;,))_; be so that 3= |a,|? # 0. Furthermore we can
assume without loss of generality that 25:1 |an|? = 1, because otherwise we have

N % N
> L <log(N) > \an2> =P M > Log(N)-1)
n=1

/\~N
n=1 Zj:l‘ajP

=

P

N
Z Qn P

n=1

11



p1,--.,pn are independent and elth < eltl 4 eIt = ¢t 4 ¢t for all t € R. Thus Jtaking
remark 2.5 into account we obtain for any A > 0

E (&\Zﬁzlanﬂnl) <E (&Zf:lanpn) +E (e_)‘zn 1%%)

N N N N
E <H e’\o‘””") +E (H e—mﬂn> H (2omen) + T B(e o) (2.2)
n=1 n=1

n=1 n=1

Suppose first that (i) holds. Then (2.2) yields

N N
E (e/\|25:1 O‘”p"’) < H E(e’\a”pn) + H E(ef)‘a”p”)
n=1 n=1
N N
_ L oran | 2 —ran L —ozan o 2 xan
— H (36 o + ge a ) + H (36 « + g@ « . (23)
n=1 n=1
In order to see that 1 5
§e2t + geft < e forallteR, (2.4)
consider
o0 oo
_ Qtn+2_tn 2t2n+2_t2n 2t2n+1+2_t2n+1
ERSPIED S . i Y= S e
n=0 ’ n=0 ’ ’
22n + 92 22n+1 -9
= 3432+ t . 2.5
et +Z< o)t (2n—|—1)!> (2.5)

It is instantly verified, that (2.4) holds for t > 1. If t < 1 and n > 2 then

22n ) 22n+1 —9 22n+1 22n+1 22n+1(2n + 2)
< =
el TTentr S @l T ant ) @2n 1 1)
3.227.2(n+1) _3.2%m 2 _ 3220
nn+1)(n+2)...2n+1)  n!l (+2)n+3)...2n+1) n!

Now (2.5) yields for t < 1

>.3.9n 3
2t 427t <3+ 62+ Z 7'152” = 3e2t°,
o n.

Thus, (2.4) is proven. Inserting (2.4) back in (2.3) for ¢ = Ao, and t = —Aay,, respec-
tively, for n =1,..., N we obtain

N
E (eMZiLl anﬂnl) < 2 [[ 0 = 262 T lenl? = 92

n=1

12



If (4i) holds, (2.2) shows that

N —Aan an
B (A=) < 2] (M> (2.6)

and because of

t —t oo 2n X 2n
e +e t t 2
= cosht = < — = , forallteR,

furthermore
N N N
E<€A|Z”:1anpn|> < 2H€(/\0‘")2 — 9¢N Tntlonl® — 9gA? < 2¢2**
n=1

So in either case we have

E (e/\|zg:1 anpn‘> S 2€2>\2.

Consequently

N N
E (eA’anl anpn‘—Q)\?—?;logN) _ 672)\2—3logNE (e)"Zn:l anpn‘> < 267310gN _ 2

N3°
Now putting A = v/3log N gives
E (e\/SlogN‘Zgzl anpn’—9logN> < l

obtain

"

N
> o
n=1

_ 3\/§(logN)% > O} S E (6\/310gN|Z7]:,:1 Oénpn’—910gN> < l < %

(2.7)
ie. (2.1) is proven for real a;,’s. In order to see that (2.1) still holds for complex
Qn = Uy + ivp, n = 1,..., N, observe that |a,|? = |up|? + |val?, n = 1,..., N, and

13



2
. By (2.7) we have

2 2
N N N
S0 ] = [0 g+ |0 vapn

N N %
313 ] 908 (20 3
n=1 n=1

N 2 N
= PS> anpn| >2710g(N) D Janf?
n=1 n=1
N 2 N N 2 N
< PO D unpn| >2710g(N)D  [unl® | V[ D vnpn| > 2710g(N) D fva]®
n=1 n=1 n=1 n=1
N 2 N N 2 N
< P Zunpn > 2710g(N)Z|un|2 + P Zvnpn > 27log(]\7)2|vn|2
n=1 n=1 n=1 n=1
< 2,2 4 3v3

Mty =8 S

which completes the proof of this lemma.
O

Corollary 2.7 Let G}, and Gj_1 be abelian groups® of order 3-2F and 3-25=1, respectively.
Denote the characters of Gy, and Gi_1 byw,, n=1,...,3-2% and~,, n=1,...,3-28"1.
Let (jn)fy:l bein {1,...,3-2}N and let (ln)ﬁ[zl bein {1,...,3-28" 1IN for an N > 3-2%.
Then there exist sequences (pL)N_; € {=1,2} and (p2)Y_; € {—1,1}" such that for
some absolute constant M and for all g € Gy and for all h € Gy_4

N .
> Phwin(@)m, (h)] <
n=1

Proof: Let the pL’s be random variables? as in lemma 2.6 (i) and the p2 as in lemma
2.6 (i7). Recall that |w,(g)| = |y (h)| =1 for all n, g € Gi, h € Gj_1.
Applying lemma 2.6 (i) and (i) to (a,)N_; = (w;, (9), (h))N_;, respectively, yields

! 3
N3

for all g € G, h € Gg_1, i € {1,2}.

N
> wi (@, (h)ph| > 3V3 <1og<N>N>%} <
n=1

3for a given m € N one example of an abelian group of order m is Z/mZ, the factor group of Z over
mi
4the existence of these random variables follows from remark 2.5 [iv]

14



We conclude

N
S . 1
P {El(g,h) € G x Gg—1 - ijn (9, (h)ps | > 3\/§(log(N)N)2}
n=1
N
— 1 3.2k3. 2133
< > IP’{ > wi (@, (W] > 3\/§(log(N)N)2} < RE :
(g,h)EGKXGr_1 n=1

Since N > 2*, we obtain for k large enough (k > ko)

N
P {H(Qah) € Gr x Gyt | wi (9, (W),
n=1

>3\f3(1og(N)N>%} < 1.

Consequently

N
P {V(gah) € G x Gr1 + | wi (@, (W),
n=1

< 3\/5(1og(N)N)%} > 0.

Thus there exist sequences (p1)32) € {—1,2}Y and (p2)32] € {-1,1}¥ for k large
enough such that for all ¢ € G, and for all h € Gj_q

< 3v/3 (log(N)N)z < 3v/3(log(3 - 28"1)3 . 26-1)3 < MEz2's .

N —— .
> win (@, (W),
n=1

Since for each k € NU {0} the product Gj x Gi_1 is a finite set, the same inequalities
hold for k = 0, ..., kg, by increasing M if necessary, which completes the proof of this
corollary.

O

Lemma 2.8 Let Gy be an abelian group of order 3 - 2%, for each k in N U {0}. Then
there exists a partition of the set of all characters Hy = {wn}iii of Gy, into two disjoint
sets H = {Jn}ik:l and H, = {Tn}i]:f with cardinalities satisfying |H, | = 2 and
|H, | = 2k+1 such that for some absolute constant K and for each g € Gy,

2k 2k+1
23 0u(g) = > Tulg)| < K(k +1)325. (2.8)
n=1 n=1

Proof: Tt suffices to show that there exists a sequence of numbers (p,)32; € {—1,2}32
such that

anwn(g) < K(n+ 1)%2% for all g € Gy, (2.9)

15



and
3.2k

S pn =0, (2.10)
n=1

since then (2.9) proofs (2.8), while (2.10) ensures that the requirements concerning the
cardinalities of our subsets H Ij and H, are satisfied.

Let G41 be any abelian group of order 3 - 28! and let I be the trivial character® of
Gi+1. Applying corollary 2.7 to G, G+1, {wn}iiﬁ and {I %3} shows, that there exists
a sequence (pn)%yi € {—1,2}3?" such that,

3.2k X
anwn(g) < K2:(k+1)z,
n=1

N[

for some absolute constant K, i.e. (2.9) holds for (pn)iz

Put S := {pn:ne{l,...,3-2F}, p, =j} for j € {~1,2}. For the cardinalities of
this to sets we obviously have |S_;| + |Sa| = 3 - 2¥. Therefore

3.2k
D pn = 20Sa| = [S_1| = 2ISa| —3- 2% 4+ (85| = 3(]Sa| — 2F). (2.11)
n=1

If |Sy| = 2% our sequence (pn)ig satisfies (2.10) in addition to (2.9) and we are done.
Otherwise we have to change an appropriate number of the p,’s

Suppose first, that |So| < 2% and let I C {1,...,3- 2k} be such that |I| = 2% — | S,
and p, = —1 for all n € I;. We define a sequence {pnl}flzi by

{2, for n € Iy,
Pn,1 =
pn, e€lse.

If |So| > 2%, we fix I, € {1,...,3 -2k} such that |I5| = |S2| — 2" and p, = 2 for all
n € Iy. The sequence {pmg}fﬁi is defined by

{—1, for n € I,
Pn,2 =
Pn, else.

In both cases (2.9) and (2.11) give

32k 3.2k 32k
D pnwn(9) = pngwn(g)| = |D_3-wilg)| <3| = 3‘|S2\—2k‘ = > pn
n=1 n=1 i€l n=1
3.2k

= anwn(e) < K(n—f—l)%Q%
n=1

Si.e. themap h— 1, h € Gr1

16



for all ¢ € G, j € {1,2} and the identity element e of Gy. Using this, the triangle
inequality and (2.9) we obtain

3.2k
an’j < 2K (k + 1)%2%, for all g € Gy, j € {1,2},

n=1

and thus (2.9) holds for K and {pn}iikl replaced by 2K and {pnd-}f’lﬁkl (j € {1,2}),
respectively. In addition, by (2.11), we have

3.2k 3.2k 3.2k

S o= png = 3=31L] =3[1S: =2 =D pu je{L2)
n=1 n=1 n=1

i€l

and consequently Ziikl pnj = 0 for j € {1,2}, i.e. we have (2.10) for {p, iiﬁ replaced
ok
U

Now we are able to pass the construction of the infinite matrix A needed for our coun-
terexample.

Lemma 2.9 There ezists an infinite matric A = (a; j)i jen of complex numbers satisfying
A2 =0,trAd =Y a;; #0 and Y2, (maxjen |a;j|)" < oo for each r > %. Furthermore
each row and each column contains only finitely many nonzero entries.

Proof: For each k in NU {0} let Gy, = ({g1,...,93.9% }, *) be an abelian group of order
3 - 2%, Furthermore let H]j = {Jn,k}%il and H, = {Tn7k}72;:11 be as in the preceding
lemma.

We define complex matrices

2k+1

2 Ti,k(gj)

1 1l
by = (3‘52‘ oo Qe = (3 22 kpi,kffi,k(gj))

>7;:1,.A.,2k+1;j:1,...,3- i=1,...,2k:j=1,....3.2k '

for each k in NU {0}, where (sz)fil € {—1,1}?" will be determined below. We have

3.2k
PPy = 37127%71ZTi,k(Ql)Tj,k(gz) ; (2.12)

=1 ij=1,..2k+1

where P; denotes the conjugate transpose of Pj. Taking remark 2.5 into account we
obtain

3.2k ok o
. , S k()P =32k, j=i=1,... 2k
> minlg)minla) = - by s s -
I=1 0, i,7€{1,...,2%}, i #j.
Hence, we have
PPr=2"""1L, ke Nu{o0}, (2.13)

17



where I, denotes the identity matrix of order m, m € N. Analogously it follows that for
each possible choice of (pj,k)?kzl

Put
PPy Py 0 0 0
—QiPy (PP —QiQ1) PrQs 0 0
A= (aij)i5-1 0 —Q5P (P Py — Q3Q2) P;Qs 0

0 0 —Q5P> (P3P3 —Q35Q3) PiQq

For the trace of A we have trA = tr(PfPy) + Y poq tr(Pf Py — Q5 Qp). Taking 2.13 and
2.14 into account for k > 1 the trace of PP, — Q;Qy is given by

tr(Pp Py — QiQr) = tr(PuPy) —tr(QrQf) = tr(27 ¥ 1) — tr(27F 1) = 0

Therefore trA = tr(PiPy) = tr(PyP}) = tr(271I3) = 1 # 0. An elementary computa-
tion® also shows that A2 = 0.

So it remains to be shown, that, for a suitable choice of (p;, k)j 1 Yoieq (maxjen |a; j])" <
oo for each r > g.

For the first row of blocks it is obvious, that Z;’:l maxjen |ag ;| = Z?:l maxj—1,..9|a;|" <
oco. For each k£ > 1 we will show next, that the absolute value of each element in the
(k+1)’th row of blocks of A, i.e. each element of the matrices —Q; Pr—1, P}Pr— Qi Q%

and P Qp41, is less or equal to C(k +1)2 2272, for some absolute constant C. This will
imply

e r T 3k

max |a; ; max|a; + 3-2FCT(k+1)227 7 < o0. 2.15
> (el Z ol + 3827k )2 2.15)
Since P} Qi = (Q}Pr—1)*, it suffices to consider the matrices Q}Py—1 and (PP —
QrQk).

For the latter we have

ok+1 ok 3.2k
PiPe—QiQr = 3727 milg)mr(e) =372 pirorn(gi)onk(g;)
=1 =1 ij=1
okt 3.2k
= 37 1o—2k— 1<an * g;) —ZZalk *gj>
ij=1

542 is a block matrix with 'nonzero’ blocks only in the main diagonal (of blocks) and the two diagonals
(of blocks) above and below this. Using the properties (2.13) and (2.14) it is easy to show that the
‘nonzero’ blocks in the first three rows (of blocks) must be zero too. Now (2.13) and (2.14) hold for
all k € NU{0}. For k > 4 the 'nonzero’ blocks of the k’th row basically only differ from those of the
third row in their dimension and their position. Thus it is straight forward to infer, that all elements
of A? must be zero.
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Thus lemma’ 2.8 shows, that the absolute value of each element of (PiP, — Q;Qx) is
less or equal to

K
3719721 (k4 1)225 = & Ukt 1)227%.
The matrix Q7 Pr_1 is given by
ok 3.2k
1
QiPe—1= (37227 prrors(9)mk-1(95)
=1 ..
i,7=1

Now corollary 2.7 shows, that we can chose the p;;’s so that the absolute value of each
element of @} P;_1 is less or equal to

1 k-1 M
3

37120 k22" < = (k+1)227 2.

O

Theorem 2.10 For 2 < p < oo the space l, contains a closed subspace lacking the
approrimation property.

Proof: Let A = (ai,j)%’-:l be a matrix satisfying the requirements of the preceding

1
lemma. For ¢ € N put 4; = maxjen|a; ;| and b; j = a; ; (%) P o A £0and by = 0

else. Furthermore put y; = (bi;n)nen. For the matrix B = (b; ;)75_; we have B?2=A%2=0
and trB = trA # 0. Each row and each column of A contains only finitely many nonzero
entries and so must B. Furthermore

00 P AN T P o[22 \7*
J
il = Z b1 < Z (A) I}IG%X |ai |? =A™ ZA;H - (2.16)
Jj=1 Jj=1 Jj=1
Since z% > % the preceding lemma ensures, that y; € [P for each ¢ € N.

We want to use lemma 2.4 to show, that span({y;};°,) fails to have the approxi-
mation property. For this purpose denote the standard unit vector space basis of the
continuos dual space [P’ (=2 19) of I? by {en}nen. Then (2.16) and lemma 2.9 show, that
5% il letlle = 5551 il < 00. Lot 3 be in Span({yi}i2,). Since span({y:}2,)
is a dense subspace of span({y;}$2;), y can be written as y = limy_.oc yn, Where
YN = ZZL(JIV) ok, NYk, ogn € F for all £ and all N in N. For each N € N consider-
ing Y2, yiei(yn) component wise yields

00 00 m(N) 00 m(N)
D wieilyn) = > | v arnbe | = [ D [ bin D crnb
i=1 i=1 k=1 i=1 k=1

neN

7recabll, that at the beginning of this proof the o, 1’s and the 7, i’s were chosen like in lemma 2.8
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Due to the structure® of the matrix B these series are finite. Therefore,

19 m(N) 0o
> wieilyn) = | D | arn D binbrs = 0.
i=1 k=1 i=1

=0 neN
Now the map z — > 7, y;e;(x) is continuous. Thus we obtain

;yiei(y) = ;yiei(ngnooyN) = lim (;yiei(yN)> = 0.

o)

But >, €;(y;) = trB # 0. By lemma 2.4 span({y;}32,) fails to have the approximation
property.

O

Taking theorem 2.3 into account, we conclude

Corollary 2.11 For 2 < p < oo the space l, contains a closed subspace that does not
have a basis.

O

8recall that each row and each column of B contains only finitely many nonzero entries
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