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1 INTRODUCTION

1 Introduction

In this thesis we investigate a Markov- and Bernstein-type inequality for trinomials of
a certain form. To be more specific, we examine the space P, »(R) of all polynomials

p(z) = az™ +bz" +c¢ for (a,b,c) € R

endowed with the supremum norm ||.||e. For given odd numbers m,n € N with m > n,
we obtain a function M,, ,(z), which maps every x € [—1,1] to the smallest possible
constant M, ,,(z), which fulfills

P (2)] < Minn(@) - [lplloc for all p € Prypn(R).

After we obtained the function M,, ,(z), it will be easy to determine the smallest
possible constant My, ,, which fulfills

P (z)] < M- |IPllooc for every z € [—1,1] and p € Py, ,(R).

The proof mainly follows the one presented in [6] by Gustavo A. Munoz-Ferndndez,
Yannis Sarantopoulos and Juan B. Seoane-Sepilveda. Also many results obtained in [7]
by Gustavo A. Munoz-Ferndndez and Juan B. Seoane-Sepilveda are used. It relies on
the Krein-Milman approach (Theorem [4.2)), which is a direct consequence of the classical
Minkowski-Carathéodory Theorem (Theorem , which itself is a consequence of the
Krein-Milman Theorem (Theorem . The function M,, , can be computed for
arbitrary m,n € N. The other cases, that m or n is even, can be settled with the same
method, only require some additional computations, and we do not treat them. The
reader is referred to [6]. The proofs of the Minkowski-Carathéodory Theorem and the
Krein-Milman approach are provided in Appendix Here we follow [8] by Barry Simon.
The content of the courses taught in the bachelors program of Technische Mathematik
at the Vienna University of Technology, especially the courses Analysis 1, Analysis 2,
Analysis 8 and Funktionalanalysis 1, constitute the theoretical ground this work is based
upon, cf. |45, M. Kaltenbéck] and [9, H. Woracek, M. Kaltenbéck, and M. Blimlinger].
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2 Basic Definitions and Observations

Definition 2.1. (Topological vector space)
A topological vector space is a complex vector space endowed with a topology T such
that the operations

_i_.{XxX - X and .'{(CXX - X
(r,y) = x4y Ny) = Ay

are continuous, where C is endowed with the topology & induced by the euclidean
metric and X x X and C x X are endowed with the product topologies 7 x T and & x T
respectively. In addition, we require X to be Hausdorff, i.e. X is (7%).

Lemma 2.2. Let (X,||.||) be a normed space and T the topology induced by ||.|. Then
(X,T) is a topological vector space.

Proof. For a proof we refer to 9, Beispiel 2.1.2, chapter 2, page 18]. O

Lemma 2.3. Let X be a topological vector space, A € C\{0} and a € X. Then the
operations

Ta:X_>X MA:X—>X Sa:C—>X
r = zT+a T = AT A = A

are continuous, and T, and My are even homeomorphisms.
Proof. For a proof we refer to |9, Lemma 2.1.3, page 18|. O

Definition 2.4. (Dual space)

For a complex vector space X, we denote by X* the set of all linear maps of X into C
and we call X* the algebraic dual space of X. The algebraic dual space of a real vector
space is defined analogously.

For a complex topological vector space (X, T) we denote by (X,7)" the set of all con-
tinuous and linear maps of X into C and we call (X,7T)’ the topological dual space of
(X,T). If it is clear, which topology T is meant, we write X and X’ instead of (X, 7))
and (X, T)’, respectively.

Theorem 2.5. (Hahn-Banach separation Theorem)
Let X be a topological vector space and A, B C X be nonempty, disjoint and convex
subsets of X. Then

(i) If A is open, then 3f € X', v € R, such that

Re(f(z)) <v <Re(f(y)) for allxz € A,y € B.

(@) If, in addition, X is locally convex, A is compact and B is closed, then
af € X', y1,72 € R, such that

Re(f(z)) <71 <v2 < Re(f(y)) for allz € A,y € B.
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Here Re(y) for y € C denotes the real part of y. Note that Re(f) is R-linear.
Proof. A proof can be found in [9, Satz 5.2.5, pages 77-78]. O

Definition 2.6. (U(x))
We denote the set of all neighbourhoods of a point = in a topological space (X,7T) by
U(z).

Definition 2.7. (A®, A° and 0A)

Let (X, T) be a topological space and A C X.

The complement of a set A is denoted by A® := X\ A.

If z € A and A is a neighbourhood of z, then z is called an interior point of A. The
interior A° is defined as the set of all interior points of A:

A°={x e A: Acl(x)}.
The boundary of a set A is denoted by JA and is defined as follows:
DA=A\A° ={z e X VYU clU(z): ANU #DANA°NU # 0}.

Definition 2.8. (Extreme subsets)

Let C be a convex subset of a vector space X. A nonempty subset £ C C is called
extreme subset of C| if no point x € E is an interior point of any line segment whose
endpoints are in C except when both endpoints are already in FE, i.e.

r,yeC, 0<t<ltz+(1—-t)ye E = =z,y€ek.
An extreme set that is strictly smaller than C' is called a proper extreme subset of C'.

Definition 2.9. (Extreme points)

Let C be a convex subset of a vector space X. A point e € C is said to be extreme in C if
{e} is an extreme subset of C, or equivalently if z,y € C and Axz+(1—-N)y = e, A € (0,1),
entails x = y = e. We denote the set of all extreme points of C' by Ext(C).

Lemma 2.10. Let X be a vector space and C' be a convex subset of X. Then
e € Ext(C) < C\{e} is convex.

Proof.

"=": Let z,y € C\{e} and X\ € [0,1]. As C is convex, it follows that Az + (1 — \)y =
z € C. As e is an extreme point, we have z # e and therefore z € C'\{e}.

"«<": As C'\{e} is convex, for z,y € C\{e}, A € (0,1) we have Az + (1 — \)y € C\{e}.
If wlo.g. x =eand Az + (1 — Ny = e, clearly y = e. O

Definition 2.11. (Convex hull)

Let X be a vector space and A C X. The convex hull of A is the smallest convex set
containing A and is denoted by co(A).

If A={a4,...,a,}, we also write co(ay,...,a,) for co(A).
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Remark 2.12. The convex hull of a set A C X, where X is a linear space, is the
intersection of all convex supersets of A. It is also easy to see, that

n n
co(A) = {Ztixi:néN,xl,...,xn €A ty,...,.t, € [O,l],Zti = 1}
=1 i=1

Theorem 2.13. (Krein-Milman Theorem)

Let X be a locally convex topological vector space and K C X a nonempty, compact and
conver subset of X. Then K is the closure of the convex hull of its extreme points, i.e.
K = co(Ext(K)). In particular K possesses extreme points.

Proof. A proof can be found in |9} Satz 5.9.2, chapter 5, page 100]. O

3 An introduction to Markov- and Bernstein-type
inequalities

We want to obtain explicitly a function M, ,,(x) : [—1,1] — R for odd numbers m,n € N
with m > n, which, given a trinomial p(z) = ax™ + bxz™ + ¢ maps every z € [—1,1] to
the smallest possible constant M, »(z) which fulfills

()] < Mmoo () - llpll,

where ||p|| = m[ax] |p(x)| is the supremum norm of p over [—1,1]. This and similar
ze[l,1
problems have been studied for a long time. In the following, we present some back-

ground information.

In [6], some historical facts concerning the function M,, ,, are presented, whereas N.K.
Govil and R.N. Mohapatra give a more detailed description of the history of Markov-
and Bernstein-type inequalities in [3].

Definition 3.1. (||pl|ja,5 and M,(a, §))
Let n € Nya < 8 € R and p be a polynomial function on [«, ], then

:= max |p(x)|.
11l [a,5) e Ip(z)]|
We define M,,(«, 3) to be the smallest possible constant, such that

Ip'(z)] < M (v, B)[|pll (o, for every z € [a, O], deg(p) < n.

If « = —1 and 8 = 1, then we write ||p|| and M, instead of [|p|[|_; ) and M, (-1,1),
respectively.

In a more general setting the problem mentioned above has been studied since the end
of the 19*" century. D. Mendeleev, some years after he invented the Periodic Table
of the Elements, made a study of the specific gravity of a solution as a function of
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the percentage of the dissolved substance. This function is still of importance, as it
is nowadays used for testing beer and wine for alcoholic content or testing the cooling
system of an automobile for concentration of anti-freeze. This study led to mathematical
problems of great interest. Mendeleev noticed that the curves, which present the function
mapping the percentage of alcohol in water to the corresponding weight of the fluid
could be closely approximated by a series of quadratic arcs. He wanted to find out, if
his measurements were correct and if certain corners where the arcs joined were really
there or just caused by errors. In particular, he was interested in the following problem:

Remark 3.2. (Question raised by D. Mendeleev)
If p(z) = ax? 4 bx + ¢ with a,b,c € R,a, 3 € R with a < 8, then what is the smallest
possible constant Mas(a, §) > 0 such that

P (@)| < Ma(a, B)[1Pllja,p

for every x € |a, 8] and every polynomial p of the form defined above?
Remark 3.3. In the problem mentioned in Remark [3.2] we have

Ms(a, B) = ,6’30¢M2
Proof. Let p(z) = ax? + bz + c and let z = 3(a+ B — (a — B)y). Then
aly)i=a- (5ot 6 (a—Bw)’ +b- (3la+ 5 (a—Hy) +c=pl)

is a polynomial on [—1,1] of the form ¢(y) = ay® + by + ¢ and

1= O e Py PR0 aea Py 000
q/(y):“'(“Jrﬁ—(a—B)y)'B;a+b-B;a
=<2ax+b).6;a:p/<m)_ﬂ;a

It is easy to see that the variable transformation gives us a bijective mapping of the
space of quadratic polynomials on [«, 8] onto the corresponding space of polynomials on
[—1,1]. Since [|g[[[~1,1) = [[Pll[a.5), We have

2
' ()] < Malgll-1y < [P/ (2)] < ﬁ_—aMszll[a,g]

and thus we conclude Ms(«, 8) = WL&MQ. O

Astonishingly, Mendeleev himself was able to solve this mathematical problem. He
obtained that M = 4. That means

§(@) <4 lpl for all 2 € [~1,1],
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whereas equality is obtained for e.g. p(x) := 1 — 222, since ||p|| = 1 and |p/(£1)| = 4.
Using this result, Mendeleev was able to show that the corners in his curve were gen-
uine and he was right, since his measurements were quite accurate and even agree with
modern tables to three or more significant figures. The famous chemist then told the
Russian mathematician A.A. Markov about this result, who investigated the correspond-
ing problem in a more general setting. He was able to generalize Mendeleev’s result:

Theorem 3.4. (A.A. Markov, 1889)
If p is a real polynomial with deg(p) < n € N, then

P/ (x)| < n||p|| for z € [-1,1].

Equality is attained at the end points of [—1, 1] for the n-th Chebyshev polynomial of the
first kind defined by T, (x) = cos(narccos(z)) for x € [-1,1], in other words, M, = n?.

Proof. As Markov’s original paper is written in old Russian and not readily accessible,
we refer to |2, pages 169-170] for a modern proof. O

A generalization of Markov’s theorem was obtained by his brother V.A. Markov. Clearly,
using Theorem (3.4, we have if |p(x)| < M on [~1,1], then |p/(z)| < M - n? on [-1,1].
Having found an upper bound for |p’(x)], it is natural to ask for an upper bound for
Ip*) ()| with k& < n (if k& > n, then p®) vanishes). Iterating Markov’s theorem yields
that if

lp(x)] < M on [—1,1], then [p*)(z)] < n?*.

This inequality, however, is not sharp. The results of the attempt of V.A. Markov to
find exact bounds for [p*)| on [—1, 1] included the following:
Theorem 3.5. If p is a real polynomial with deg(p) < n and ||p|| < 1, then

n?(n® —1%) - (n* — (k — 1))

(k) <
P @)l < 1-3-5---(2k—1)

for k <n and x € [-1,1].

S. Bernstein later needed the analogue of Theorem for the unit disk in the complex
plane instead of the interval [—1,1]. He wanted to find an upper bound for |p/(z)] for a
n

complex polynomial p (that means p(z) = > a;2° with a; € C for all i € {0,...,n} and
i=0

z € C) with |p(z)| < 1 for |z| < 1. The answer is presented in the following theorem
known as Bernstein’s inequality.

Theorem 3.6. If p is a complex polynomial with deg(p) < n, then

max |p'(2)] < n - max|p(2)].
max |p'(2)] < n - max|p(:)|

The result is best possible and the equality holds for p(z) = Az" for A € C\{0}.
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However, this theorem is not of great interest to us, since we are working only with real
numbers. It is important to notice that in the above definition of M, («a, 8) the equality
has to hold for all 2 € [, f]. Markov’s result M, = n? can be substantially improved
by fixing a single point = € [—1,1].

Definition 3.7. (M,)
Let n € N, p be polynomial function on [—1,1] and = € [—1, 1], then we define M, (x)
to be the smallest possible constant such that

Ip'(z)] < My, (2)||p|| for every p with deg(p) < n.

S. Bernstein also managed to find an estimate on M,,(x) for z € (—1,1).
Theorem 3.8. (S. Bernstein, 1912)
If p is a polynomial with deg(p) < n € N, then |p'(z)| < @Hp” for everyxz € (—1,1).

In other words, M, (x) < ﬁ

Proof. A proof can be found in [1, pages 6-11]. O

Bernstein’s estimate, M, (z) < \/%7, coincides with M, (z) at n points in [—1, 1], but
it is far from being optimal in most of the interval [—1,1]. However, Bernstein’s esti-
mate gained importance as it was used in modern proofs of Markov’s theorem in order

to simplify the proof.

According to [6], many attempts to find M, (z) for every n € N have been performed.
The study of E. V. Voronovskaja, who focused on polynomials p with ||p]| = 1 and
|p'(x)] = My (z) and the properties of the function M, (z), was the most successful.
She even produced a method to obtain M,,(x) for each n € N. The authors of [6] state
that the construction of these polynomials is not explicit in the sense that, for higher
values of n, it involves solving elliptic integrals and requires numerical calculus.

4 The space Py, n(R)

Our aim is to give an explicit formula for the norm of point evaluation of derivatives of
certain subspaces of polynomials.

Definition 4.1. (P, »(R) and M,, )
Denote
R — R
Prn(R) == {p. { v e ar™ 4 bat 4 ¢ ta,b,ce R}
For x € [—1,1], we define M,, ,(x) to be the smallest possible constant, such that

[P ()] < Mo (@) |[pl| for all p € Ppnn(R)

where ||p|| := m[ax] |p(x)| is the supremum norm of p over [—1,1].
ze(l,1
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We use the Krein-Milman approach to compute the functions M, ,(x). This technique
relies on the following consequence of the Minkowski-Carathéodory Theorem (Theorem
A.17) which itself is a consequence of the Krein-Milman Theorem (Theorem [2.13)).

Theorem 4.2. (The Krein-Milman approach)

If C' is a conver body, i.e. a compact, convex, and nonempty subset, in a finite-
dimensional topological vector space and f: C' — R is a convex function that attains its
mazximum on C, then there is an extreme point e € C' such that f(e) = max{f(p) :p €

Y.

Proof. Although the structure of the proof of this theorem is interesting, it is not the
main aspect of this paper and requires some theory. Therefore it is deferred to the

appendix, see Theorem O

Let us briefly explain that we indeed are in the situation of this theorem. The space

Prmn(R) endowed with ||p|| = m[ax] |p(x)| is a finite dimensional normed space, and its
ze[l,1
unit ball

B :=A{p € Pmn(R) : [|pllmn < 1}

is a nonempty, convex, and (by finite dimensionality) compact subset. For each fixed
xo € [—1,1] the function p — p'(z0) is linear and hence (again by finite dimensionality)
continuous. By linearity,

M T) = ma '(z9)| = max [p'(z0)],

() = max |p'(a0) = max | (ao)

where S, is the unit sphere. The function p — [p’(z¢)| is convex and continuous. In

particular, it attains a maximum on B,, .

To study P (R), it is useful to identify it with R®. From now on we use the notation
. R —- R

ax™ 4 bax™ 4 ¢ for the function p : { O I I well as for the value

p(z). The meaning will be clear by context.

Remark 4.3. The mapping

" Prn(R) — RS
| ax™+b2"+c¢ — (a,b,c)

that assigns to each polynomial of the form p(x) = ax™ + bz™ + ¢ its coefficients (a, b, ¢)
in the basis {z™,z", 1} of Py, »n(R) is a linear isomorphism.

According to Remark we can identify Py, ,(R) with R3. We define a corresponding
norm
l(a,b,¢)|lmn = max |az™ + bz"™ + ¢.
z€[—1,1]

)
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5 The extreme points of B, ,

The crucial point is to determine Ext(By, ).
Lemma 5.1. Let m,n € N with m > n.

(i) The equation
|n +mz| = (m —n)|x|m-r

has three solutions, one at x = —1, another one at some point A\g € (—2,0) and
a third at some point A1 > 0.

(ii) We have
In 4 maz| < (m —n)|z|m-n (1)

if and only if © < X\g or x > A1.

Proof. Let f(x) := |n+mx| and g(z) := (m—n)|x|ﬁ for € R. Then the graph of f
clearly consists of the two lines Ly := {(z,—n—mz : 2z < -} and Lo := {(z,n+mz) :
r > —2}. Since m —n > 0 and z +— |z|* is a strictly convex function for o > 1, we
conclude that also g is a strictly convex function. Since every line can intersect the
graph of a strictly convex function in at most two points, the graphs of f and g intersect
in at most four points. Since f(—1) = g(—1) = m —n and f'(-1) = ¢'(-1) = —m,
the graph of g is tangent to the graph of f at the point (—1,m — n). Furthermore,
f(=7) =0 < g(—7) and g(0) = 0 < n = f(0). Since f and g are continuous, there
exists a point A\g € (—2,0) with f(Xo) = g(Ao). Since lim; .o g(x) — f(2) = oo and
£(0) > ¢(0), we conclude that there must be some A\; > 0 with f(A1) = g(\1).

Inequality follows by strict convexity of g. O

The results of Lemma [5.1] are visualised in the following plot.

Figure 1: Solutions of [n+mz| = (m—n)|z|7—= with m,n € N and m > n. Here f(x) = |n+mz|
and g(x) = (m —n)|z|=—=.

10
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What is most interesting about the results obtained above is the value of \g. We will
use this value to further analyse the norm ||. ||, -

Lemma 5.2. Let m,n € N be odd numbers with m > n. Then

1@, b, ) lm.n = [I(a, ,0)[[m.n + |c] (2)

for all (a,b,c) € R3. In particular, the norm ||.||mn is symmetric with respect to the
ab-plane.

Proof. For ¢ = 0 the statement is trivial. Let us therefore assume ¢ # 0. Since |az™ +
ba™ + ¢| < |az™ + ba"| + |¢| for all x € [-1,1] and (a,b,c) € R3, the inequality ”<” is
trivial. If the maximum of |az™ 4 bx"| + |c| is attained at xo € [—1,1], then we can
assume sgn(ax’ + bxy) = sgn(c), because |ax{ + bxfj| = |sgn(xo)(alzo|™ + blzo|™)| =
|(a|zo|™ + blzo|™)|, so both zy and —z(y are maximizers and if we choose 7y € {xz¢}
such that sgn(azo™ + bxo") = sgn(c), we get |az{’ + ba| + |c| = |azo™ + bzo™ + ¢|. This
shows 7 >7. O

Remark 5.3. If one of the exponents m,n € N is even, equation does not hold.
However there is still a symmetry with respect to a coordinate plane, if m and n have
different parity, namely, the ac-plane for m even and the be-plane for m odd.

Theorem 5.4. Let m,n € N be odd numbers with m > n. Then

(m=n)la| | nb|m= - nb
[ B men el ifa# 0 and —1 < 22 <)
1(@; b, ¢)l[mn = { il ¢

la + b + || otherwise,
where \o is the number in (—-,0) given by Lemma (2)

Proof. Given (a,b,c) € R3, define P(x) := az™ + bx". By Lemma it suffices to
find a formula for ||(a,b,0)||m, = max | |P(z)|. Since |P| is symmetric with respect
ze[—1,1
to the origin, it follows max | |P(z)] = max |P(z)|. This maximum is attained at
ze[—1, ze[-1,
either the end points of the interval or the critical points of P lying in (—1,0). Since
|P(z)| > 0 = |P(0)|, the contribution of |P(0)| to max | |P(x)] is irrelevant. To find
1,0

)

the critical points of P, we look at the equation

Pz)=m-az™ ' 4+ n -bz" ' =2" Y (m-az™ " +n-b) = 0.

_1
m—n

nb

ma

Since we look for critical points in [—1, 0), there is only one candidate x, , ==
whenever a # 0 and —1 < n% < 0. Thus (note that P(1) = P(—1)),

max{|P(1)|,|P(zmn)|} ifa#0and —1< % <0,
|P(1)] otherwise.

”(CL, b, O)HW,N = {

11
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Now using |P(1)| = |a + b| and (note that sgn(b) = —sgn(a))

n

nb | m=n

w227 ) <m—n>!a\.‘nfb‘mw
ma ma

nb | me
| (aj ’ )| ma n

ma
= la+b|—
‘CH— nb

ma
we have

max{]a+b|,%-’%‘ﬁ} if a # 0 and —1§%<0,

”(a7 b, O)Hm,n = {

la + b] otherwise.

(m=n)lal | nb
n ma

If we multiply the inequality |a + b| <
obtain, equivalently,

ﬁbyﬁ>0(fora7é0),we

b b b _m
R e L = R CROR Pl

which is the same as
n+m- x| < (m—n)lx[m—m,

where z = 22 Since we look at the case —1 < 77:71; < 0, according to Lemma (ii), it

ma’

follows that —1 < T’;—Z < A¢ and hence

|(m=mlal b |75 i 20 and — 1< 2 < A,

1@, 6, 0)l[m.n = { §

la + b| otherwise.

Definition 5.5. (Projections mp, Tpe, Tac)
We denote the projection onto the ab-plane by

Tap(@,b,¢) == (a,b) for (a,b,¢) € R>.
The projections onto the be-plane and the ac-plane are defined correspondingly.

Our next aim is to sketch Sy, , and to obtain the extreme points of B, ,, for odd numbers
m,n € N with m > n. In order to do so, we have to find a parameterization of S, ,,. We
will use the symmetry of .||, to show that the projection of By, , onto the ab-plane
coincides with {(a,b) € R? : |(a,b,0)|/mn < 1}. To make things easier and to avoid

some long formulae, we need some notation. We define

I(a) := mmw

V = {(a,b) eR?:a#0,-1< 22 <) and |b] < T(a) }

Wi o= {(a,b)€RZ:b>-".qb>X- 2 and b < 1-a } )
Wy = {(a,b)eR?*:b<-".qb< - and b > —-1-a }

W = Wi UW,

Now let us show, that the projection 7y, (Bym,n) of By, onto the ab—plane is nothing
but the union of V and W.

12
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Theorem 5.6. For odd numers m,n € N with m > n we have
Tab(Bmn) =V UW
for V.W given by @
Proof. According to Lemma we have
1(@; b, )lmm = lI(a,b, =) llmn = [I(a; b, 0)|lm,n + |c]

for every (a, b, c) € R3. Hence if ||(a, b, ¢)||m.n < 1 for any ¢ # 0, then also ||(a, b, 0)||m.n <

1. This implies that the projection 7., (Byy, n) is the intersection of B,, , with the ab-
plane or, in mathematical notation

Tab(Bmn) = {(a,b) € R : [[(a,b,0)|lmn < 1}.

As 74p(Bm,n) is bounded by the curve defined implicitly by ||(a,b,0)||mn = 1, we take
a look at the values of b at this curve in the different cases given by Lemma
Ifa#0and —1< %’1 < Ao, we get (m_Tn)‘“l . ‘%’l}m =1, and therefore

m—n

() M
(m —n)|al n (m—mn)"m nm
However, the condition —1 < % < )\, implies that sgn(a) = —sgn(b). Hence for a < 0
we have b =I'(a) and for a > 0 we have b = —I'(a), so in either case
—-n - 77;}7n n a % n—m m—n
T el =~ (aim =)
ma m|al (m —n)“m nm lal(m —n)
Thus,
b m";’n
1< s 12(*) & o>
ma lal(m —n) -n
and o
b m
Mz e &l < <m>
n @ n
Slal 2 e S Tl
We conclude that
4
b=-T(a), if . <a< .

Setting —"¢ = £I'(a) and Ao - * = £I'(a), we see that the bounds for a in are
exactly the intersecting points of the lines b = —"'* and b = A\o”}* with the curves
b==+I(a).

Now if ||(a,b,0)|/mn = 1 and at least one of the conditions a # 0 and —1 < 7% <N

13



5 THE EXTREME POINTS OF By,

does not hold, according to Lemma we have |a + b| = 1 and hence b = £1 — a. For
a =0, we get b= +1. So let us assume a # 0. Now if b = —1 — q, it follows

nb m—n 1 n+Aom
“l<ga s & - = 2 =2
n n
< T n¥iom < a < m—n
By repeating the same steps with b = 1 — a, we get
i 3 n n
b——l—(l, lf—r,rn)\O Sagmin (5)
— ] n
b=1-a, if — " <a< i

Analogously to the upper case, we observe that the bounds for a in are obtained by
intersecting the lines b = —"* and b = A\o”* with the lines b= —1 —-a and b =1 —a.
Thus, we found the boundary of m.,(By, ), which determines m44( B, r)- d

Figure [2[shows V' and W. We already know, that VU W =V UW; U W3 = map(Bmn)-

b= Aome

b=-1-a
Wi

Wo

p— _ma b=1-a

Figure 2: The projection 7m,;(Bs3,1) of Bs 1 onto the ab—plane. A similar shape of w4, (Bym,n) for
m,n € N with m > n is obtained in the general case. Here I'(a) := ——2———|a|m.
m—n

m—n n
m nm

Next, we proof a result for general real normed spaces. This allows us to give a parame-
terization of S, , and a characterization of the extreme points of B,, ,, for odd numbers
m,n € N with m > n.

14



5 THE EXTREME POINTS OF By,

Definition 5.7. (Bx and Sx) If X is a normed space, we denote the unit ball and the
unit sphere of X by Bx and Sx, respectively.

Bx :={r e X :|z| <1}
Sx ={rxeX:|z|]| =1}

Lemma 5.8. Let X be a real normed vector space with norm ||.||x and define X := X®R
as the space of pairs (x,\) € X x R endowed with the norm given by |(z,\)|| ¢ =
|lz||lx + |\|. Furthermore, define fy(x) :=1—||z|x for x € X and f_ := —f+. Then

(i) Sz = graph(fy|py) Ugraph(f-|By)-
(i) Ext(Bg) = {(z,0) : # € Ext(Bx)} U {£(0,1)}.
Proof. (i): We have
(z,A) €Sg e (@ N]g =1 [lzllx + Al =1 [A[=1—z[x
which means

(7,A) € Sg & A=+fi(2) & (z,)) € graph(fy|py) U graph(f-|py)

(ii): Clearly Ext(Bg) C Sg. Furthermore, we have ||z| x,|A| < 1 for all (z,\) € S.
Now if ||z]| € (0,1) (note that |A| =1 —||z||x), we have

(2, A) = |z x - (-——,0) + (1 — |l[|x) - (0,sgn(N)).
[EIES

Clearly (1=7—,0),(0,sgn()\)) € Bg, so (z,\) ¢ Ext(Bg), as it is a nontrivial convex

llzllx’
combination of two elements in B ;. This yields

Ext(Bg) € {(2,0) : x € Sx} U{%(0,1)}.
If v € Sx,x ¢ Ext(By), then we find ¢t € (0,1) and y, z € Bx with
r=t-y+(1—-1t)-z2= (2,0)=t-(y,0)+ (1 —1¢) - (2,0).

Since ||y, [|z|| £ 1, we have (y,0),(2,0) € B and thus = ¢ Ext(By).
This means
Ext(Bg) € {(z,0) : x € Ext(Bx)} U {£(0,1)}.

To prove the other inclusion, we first take a look at the points (0,+1). If (0,p2) =:p €
{£(0,1)} and p =t (z1, A1)+ (1 —1t)- (22, A2) with t € (0,1) and (z1, A1), (x2, A\2) € Bx,
then clearly Ay = A2 = py, because otherwise w.Lo.g. [A| > 1 = [[(21,1)]| g > 1. For
the same reason we have x1 = 2 = 0, so p € Ext(Byg). Finally, if p := (2,0) with
x € Ext(Bx) and p =t (z1,A1) + (1 —1t) - (22, \2) with ¢ € (0,1) and (x1, A1), (2, \2) €
Bx, we get x1 = xo = z (since x € Ext(Bx)) and thus Ay = A2 = 0 which means
p € Ext(Bx). ]

15



6 Mu,n(X) FOR ODD M,N € N

Now we are ready to characterise the extreme points of By, .

Theorem 5.9. Let m,n € N be odd with m > n. Define fi(a,b) :=1—|/(a,b,0)|mn
and f_ = —f, for every (a,b) € R%. Then

() Smm = graph(f|vow) U graph(f_|vuw) for V,W given by (3).

(i1) Ext(Bmn) = {#(a, —————am,0): -2 <a< 2 }U{£(0,0,1)}.

(m—n)"m " n m—n — n+mAo

iR

Proof. Consider the space X = R? endowed with the norm defined by ||(a,b)| =
(@, b,0)]||m.n for every (a,b) € R?. By taking a look at the calculations made in Theorem
[6.6, we notice that

Bx = {(a,b) € R? : ||(a,b,0)|lmn <1} = Tap(Bm.n)

and thus
n n
<a< ——1,

Ezt(Bx) = {#(a, -I'(a)) : —— n -+ mlg

where T is the function given by (). This follows directly from strict concavity of T
on [~ — 2] and [, o], affinity of b(a) = =1 —a and b(a) = 1 — a and
the fact that we only have to consider (a,b) € Sx, which coincides with the boundary
of 74 (Bm,n) and is parameterized by those four functions. Taking another look at
Figure [2 helps to understand that. In Lemma we obtained that ||(a,b,c)||mn =
|(a, b,0)|[m.n+ |c|, so by defining X := X @R and endowing it with the sum norm as in
Lemma we have ||| ¢ = [|.|lm,n- Hence we can identify (X, -]l ) with (R, [|.|lmn)-

By applying Lemma [5.8] (i) follows directly and for (i), we get

n n
<a< —u{£(0,0,1
<< b ULE(0.0.1)

Ext(Bmn) = {£(a, —T'(a)) :

which concludes the proof. O

6 M,n(x) for odd m,n € N

In order to determine an explicit formula for M,, ,,(z) for € [-1,1] and m,n € N odd
numbers with m > n, we have to prove some technical lemmata.

Lemma 6.1. Let m,n € N be odd numbers with m > n and let \g be the real number
giwen by Lemma (5.1 Then

L=l
1— A7

n

n
Aol - = < Aol <
m

m
Proof. For the first inequality notice that according to Lemma we have [A\o| < = <1
and consider the following inequality:

1— 2"

n
m 1—zgm

(6)

16



6 Mu,n(X) FOR ODD M,N € N

We will show that @) holds for every = € (0, (ﬂ)ﬁ) First, by multiplying with m

m

and 1 — 2™, we see that if z € (0,1), then (@ is equivalent to
m—n>maz" —nx™. (7)

For f(x) := ma™ — na™, we have f'(x) = nm(z"~! — 2™ 1) > 0 for € (0,1) and
hence the right side of is strictly increasing in = on (0,1). Since m — n is constant
w.r.t. x, the graph of f meets the line y = m — n at, at most, one point in [0, 1]. Since
f(1) = m —n and f is strictly increasing on (0, 1), we obtain that f must be smaller
than m — n over (0,1). Thus, holds for every z € (0,1), in particular for every

1
x € (0,(2)m-n). By setting |[Ag| ™ = x, the first inequality is proved.

m
For the second equality, by using n + mAg = (m — n)|\g| ™7, which follows from the

definition of \g in Lemma and n +mAg > 0, since A\g € (—7=,0), we get

No| - TRAT T < Ao - (1= [Ag|mm) < - (1= |Ag|mom)

]__|)\0|m7n m

& mlXo| —n < (m —n)|Ag|7 7
<:>m|)\0]—n<n+m)\0
< 2m|Ao| < 2n,

which is true, because A\g € (—7%,0). O

Lemma 6.2. Let m,n € N be odd numbers with m > n and let \g be the real number
giwen by Lemmal5.1 Define

fl@) =0 gn=lojgm=n |, z € R,
9(z) = e cxlozmen 4 |, T ER.

Assume ) )

A m—n m—n
0 < |af < (M) or (&) <lal <1,
m

then we have f(z) < g(x).

Proof. Since the exponents n — 1 and m — n are even, f and g are symmetric and thus
we can assume that 0 < x < 1. Now for z = 0 the statement is trivial and for z = 1 we
have n 4+ mAg > 0, since A\g > — > according to Lemma and hence g(1) > 0= f(1).
So let us assume 0 < z < 1. Then we have

_ m—n_1 m—n__ )\
fla)=g(z) & a"lomp. (BB o
2l B 1P DY S P WY
& o 7o — 2 N = @™ 4 X

17



6 Mu,n(X) FOR ODD M,N € N

and that means for z"™" > ||, using |)\0|an = %LET’\LO (Lemma and |A\o| = — Ao,
we have

Aol ™=+ Aol = 27" - (14 [Ao[77)
& EEER N = 2T (14 2R
& n(L-h) = 2 me (14 A)

1
& zo= ()"

and for x5' ™" < |Ag| we get

(= ol = Dol = ol
n 1
_ 1=[Ao|m=n | m=n
~ o = ()\0 . 71%) .
o - =Ll
Now we can apply Lemma to conclude that neither x; nor zo are in the intervals
1 I

<O, (%) m—”> and ((%) men 1). Thus, by continuity and since there is no other point

x € (0,1) with f(x) = g(x), we see that one of the functions must be bigger than the
other one on each of the previous intervals. We already obtained f(1) < g(1). On the
other hand

A\ 1 Al 1
FE™) < o)
fa ] [
A m—n < n+mg
(2l <) <1)

& (m—|Xo|n) - (n+mAo) < (|[AgJm —|Xg|n) - (m —n)

&L (n+ & -m) - |77 > men
Since )\io < —1, Lemma [5.1} (ii), delivers n + %0 -m > — |)\"|l_fé , SO we get

0 m—n

1 n m-—-n m-—-n
( " )+ [ Aol ol "

which concludes the proof. ]

Lemma 6.3. Let m,n € N be odd numbers with m > n and let \g be the real number
giwen by Lemmal5.1 Define

fl@) = gn=l.jgm=n | z € R,
9(x) = s sl jamT 4 ],z € R,
h(z) =mn- (%)mz” . |71\’ z € R\{0}.
Assume ) .
o= (P < (BT i, 0

then we have h(zx) > max{f(z),g(x)}.

18
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Proof. Suppose holds. Since the exponents n — 1 and m — n are even and = — |z
is symmetric, f,g and h are symmetric and thus we can assume that z > 0. Clearly, it
suffices to show h(x) > f(x) and h(x) > g(x).

"h(z) > f(x)”: Let us take a look at the function ¢(x) := 2™ — ™. Since ¢'(x) > 0
for all x € (0,1), we see that ¢ is strictly increasing over the interval (0, z2]. Thus the

1
maximum of ¢ over [0, z2] is attained at x = (;z)™—=. Its value is

m

n n
— g —ap = (L) (R ) e
p(x2) = x5 — x5 <m m g .

3

Hence,

" —x — for 1 <z < a9

Using this inequality and the fact that x > 0, we obtain

fla) = a1 = g (2" =)
n
1 (m—m)nmm-n o —— ] _
S n:rz,nfn T mmﬂln = n (%) e T - h(l')

for all z € [z1,x4].
"h(z) > g(x)”: For x € [x1,x2], we have that the inequality

mn n—1_|, m-n nyn_ 1
.x e >\ <n-(—)mn._—
n 4+ mig | + Aol < (m) 2]
is equivalent to
— |z Aoz | < (—)m
n—+mg [ + Aoz < (m)
For ¢ (x) :— ™ + XNoz", we obtain ¢'(x) = mz™ 4 na" ! =0 =0Vve =
(l/\,%‘n) —n = Z£x1. So ¢ is monotone over the interval [z1,x2]. Using n + mAy =

(m — n)\)\0|m n (from Lemma and |Ag| = —Ao, we get

(G

s el = Dol
n
= ()

and

#on Y (22)

3

Monotony of ¢ over [z, x3] delivers
Y(@) € [min (1), ¥(w2)}, max {p(21), (22)}]
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6 Mu,n(X) FOR ODD M,N € N

and thus
()| < max { ()], [ (o2)]}
Finally,
ol Ao < T ma (e (o) [} = ()7

We are now ready to state and prove the main theorem of this section.

Theorem 6.4. Let m,n € N be odd numbers with m > n and let A\g be the real number
given by Lemma[5.1. Define

=) = [ () (275

then ;
Moy = 4 "G i Jel € I
m,n '
g g 4 ol i 2] € 10,1\ Tmm,

with Mo, ,(x) from Definition . In addition, My, is continuous on [—1,1].

Proof. We have that
M T) = max '(z)],
@)= e ()
where By, ,, is the unit ball of the space (R3, ||.|lm.n). So we can restrict our attention
to the extreme points obtained in Theorem Since for p = +1, it holds |p'(z)| = 0,
the contribution of £(0,0,1) to My, »(z) is irrelevant. Thus it suffices to consider the
polynomials

for 2 < g < —2_ Tt follows

m—n — n+mg

Mupn(z) = sup [l (2))]
men SO Ty

= sup amaz™ 1 — .
n_cal N (m—n)"m nm
m—n —"—mn+mlg

= sup ’mx”_l(aa}m_”—( n ) m a%>’

n n
m—n SGS n+mAq

m—n

We define ¢(a) := ma"*(az™ ™ — (Z2-) "m aﬁ). Clearly, the above supremum is

m—n
attained at either a) := ", at ag := " or at a critical point a. of ¢ in the interior

n+mg

20
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of the interval [ n L ] We obtain

m—n’ n+mg

m—n n—m
(pl(aC) - mxnil (.’L’min B (min) "o % “ae™ ) =0
n—m 1 n—m
m n .
< n (m—n) "o far=m = ac™
m
<~ s ()™ e = ae

which means we have only one critical point a.. This leads to

pladl = | ()7 = G
= s G
= ()

However, the condition " < a. < ;- and n+mAg = (m — n)\)\o|% (Lemma

imply

m—mn 1

mrzn < mgn ' (%) ™ < n+?n,)\o

A 1 1
& (B o< 1 < R
Together, we have
Mpn(z) = sup  |p(a)
n_ gl
m—n —_—n+mlg

n

maxc { ()], lp(az)l, 2 - ()77} i fa] € L
max { (1), [ (a2)|}, if [2] € 0, 1]\ Iy

We want to apply Lemma and Lemma Considering the functions f,g and h
defined in those lemmata, we obtain

TRl 1) = f()

folan)] =

and, using (m —n) = (n+mAg) - |)\0|7ﬁ (Lemma ,
mn

n—1 m—n
. . + ol = . 9
n 4+ mhg . & ol = 9() (9)

lp(az)| =

Now finally

etee)l = 7+ (2) ™7 = hia). (10)

x| \m

thus, the case |z| € [0, 1]\, follows from Lemma the other case |z| € I, from
Lemma 6.3 and since we already obtained g(x1) = h(x1) and g(z2) = h(z2) in the proof
of Lemma Myn () is continuous. O
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Definition 6.5. (M, )
We define My, ,, to be the smallest possible constant, such that

P ()] < My nlpll  for all € [=1,1],p € Ppn(R).

Clearly

Mpyp = sup My n(x).
z€[—1,1]

Proposition 6.6. Let m,n € N be odd numbers with m > n and let Ay be the real
number given by Lemma 5.1, Then

mn(1l+ No)

m,n m,n( ) n m>\0
and equality is attained for the polynomials

nz™ + Aogma™

p(z) = I

Proof. According to Definition we want to obtain sup M, ,(z). By Theorem
z€[—1,1]
we have

m—n 1 3
M (x) o n: (%) ) Jx]> if |33| € Im,na
m,n - )
n_m’:/\o canThojemen g )], i 2] €0, 1IN\,
where ol . i )
o im b = (B2, ()75

Since My, n(x) is symmetric, monotonically decreasing on I, ,,, and by Theorem
continuous, we get

sup Mm’n(l’) = Mm,n(xl) = li/ml van(x)|[0,1]\f7n,n'

|z|€ Lm,n T

Thus, again by symmetry of M,, ,(z), we only have to find

mn
sup Mpn(z)=  sup ———— 2" 2T Nl
2101\ In.n 2€[01\ I T+ A0
Hence, we want to find x4, with
T - T + X0l = max 2" 2T 4 Ng| =: ()

z€[0,z1]U[z2,1]
Since ™" < |\g| for z € [0, 1] we have
m—1

max o(z) = max |Mlz" ' — =z
x6[07x1]gp( ) xE[O,xl]‘ O|
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This maximum is attained at either x = 0, at = x1 or at a critical point of ¢ in (0, z1).
For n = 1, it is easy to see that Z,,q, = 0, for n > 1 we have

1
n—1)-Nlz" 2 -=(m—-1)2™2=0 & =0 V x:(m)mw =z

m—1

Since . is the only critical point of ¢ in (0, 00) and li_>m ¢ (x) = —o0, it follows ¢’ (z) < 0
x e.9]

for © > x1. Now since p(z.) > ¢(0) = 0, it holds

max p(z) = ¢(rc) = x?_l(’)\o‘ — M) = x?—lw

z€[0,x1] m—1 m—1
Clearly, M, »(x) is monotonically increasing on [z, 1], so we only have to compare
¢(1) with ¢(0) (if n = 1) and ¢(z.) (if n > 1). Using Lemma [5.1] for n = 1 (note that

n_ 1 omol _mon ginece ;> 3) we obtain
m m m m

m—n

n
©(0) = Ao < < <1—1[Xo| = (1)

and for n > 1 we get

1(m = n)ho| _ (m = n)|Aol

=" 1
oloe) = ap 20 < ol < (1)
So
mn mn(1l+ Ag)
My = = )= —— - p(£l) = ————
n xes[lflﬁ),ﬂ Mrmnl2) = Mo 1) n+mig e n+mAo
The second point follows directly by deriving p. O

The results obtained in this chapter are visualised below. To notice the difference
between n = 1 and n > 1, the plots of M,, »(x) for m = 3 and n = 1 (Figure and
for m =5 and n = 3 (Figure are shown.
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7 APPENDIX
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Figure 3a: M,, ,(x) for m =3 and n = 1. Figure 3b: M,,, ,(x) for m =5 and n = 3.
In this case Ms; =9. In this case M5 3 = 9.

7 Appendix

Appendix A. The Krein-Milman approach

Definition A.1. (Convex body)
A compact, convex, and nonempty set is called a convex body.

To investigate polynomial inequalities, it can be very useful to determine the set of
extreme points Ext(C') of a convex set C'. The key result connecting extreme points and
inequalities is called the Krein-Milman approach. We are going to prove that for a convex
function (like a polynomial norm) defined on a convex body C' in a finite dimensional
topological vector space (in our case the unit ball of a finite dimensional polynomial
space) that attains its maximum on C, we can find e € Ext(C) with f(e) = max f(x).

Therefore we can restrict our attention to the extreme points of the domain of the target
function.

To prove this, we need the Minkowski-Carathéodory Theorem (Theorem [A.17). The
proof presented here follows [8, chapter 8, pages 122-126].

Definition A.2. (Face of C)
Let C be a convex subset of a vector space X. A (proper) convex extreme subset of C
is called a (proper) face of C.

Lemma A.3. Let A be a convexr subset of a real vector space X. Let f: A — R be a
linear functional with

(4) sup f(z) = v < o0
€A

(ii) The restriction f|a of f to A is not constant.

IfF:={xecA: f(x) =~} #0, then it is a proper face of A.
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Proof. Since f is linear, F' is convex. Let x,y € A, A € (0,1) and \x + (1 — \)y € F.
Since f is linear, we have Af(z)+(1—=A)f(y) = f(Az+(1—=A)y) = v, and f(z), f(y) <7,
therefore f(z) = f(y) = ~. Thus z,y € F. It follows that F is a face of A. According
to (ii), we can find a point x € A with f(x) < ~, which means = ¢ F and therefore F is
a proper face of A. O

Lemma A.4. Let X be a topological vector space and A C X be conver.
Then A and A° are convex.

Proof. For a proof we refer to |9, Lemma 2.1.7, pages 19-20]. O
Lemma A.5. Let X be a topological vector space and A C X be convex. Then
(i) Ewvery proper extreme subset of A lies in the boundary of A.

(i) If X is locally convex and A° # (), then each point x € AN DA lies in some proper
face of A.

Proof.
"(i)”: Let E C A be a proper extreme subset of A, z € F and y € A\E. Let z : R — X
be the continuous function z(A) := Az + (1 —\)y. Since E is extremal, we have (1,00) C
27 H(AY). Tt follows that z € AN AC C 9A.

7(ii)”: Let x € AN OA and set B = A°. According to Lemma B is convex.
The Hahn-Banach Theorem (Theorem provides a continuous linear functional f :
X — R with f(b) < v < f(x) for all b € B. Let y € A and choose b € B. For each
A € (0,1] the set AB+ (1 — \)y is an open subset of A, and hence contained in B. Thus
fly) = /1\% FAb+ (1 = A)y) <~. It follows that f(z) =~ = sggf(y) and Lemma [A.3

y

shows that {y € A: f(y) =~} is a proper face of A. O

Proposition A.6. Let X be a topological vector space, A C X be a convex body and
ECA aface of A. Let B C E. Then B is a face of E if and only if it is a face of A.
In particular,

Ext(E) = ENExt(A)

Proof. 1If B is a face of E and Ax + (1 — \)y € B for z,y € A, X € (0, 1), then since E is
a face of A, we have z,y € E and thus z,y € B. It follows that B is a face of A.

If Bis aface of Aand Az + (1 —A)y € B for z,y € E,\ € (0,1), then 2,y € A and since
B is a face of A also x,y € B. Thus B is a face of E. O

Definition A.7. (Affine subspac)

Let X be a vector space. An affine subspace is a set of the form a + V with a € X
and a linear subspace V C X. The affine span of a subset A C X is the smallest affine
subspace containing A. If A = {ay,...,a,}, then its affine span is

n n
Aﬂ-’(al,...,an):{Z)\iai:)\iER,ie{l,...,n},ZAizl}.
i=1

i=1
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THE KREIN-MILMAN APPROACH

n
This can be easily seen, since Y A; = 1 implies
i=1
n n
Z)\iai =a + Z )\i(ai - al),
i=1 i=2
which is exactly a; plus the vector span of {a; —a; :i € {2,...,n}}.
n n
The set {a1,...,a,} is called affinely independent, if and only if > A\ja; = 0and Y \; =

1 =1

1= =
0 implies A\; = 0,7 € {1,...,n}. This is the case if and only if {a; — a1 : 7 € {2,...,n}}
n

is linearly independent, as »_ A; = 0 implies
i=1
n

Z Aia; = Z)\ZCLZ + (— Z )\i)al = Z)\Z(al — al).
=1 =2 =2

=2

Theorem A.8. Let X be a real (or complex) topological vector space and 'Y be a linear
subspace of dimension n. Then every isomorphism mapping R™ (or C") to Y is also a
homeomorphism from (R™, |.||) (or (C",|.]|)) to (Y,T).

Proof. For a proof we refer to [9, Satz 2.2.1, (i), page 25]. O

Corollary A.9. (Uniqueness of finite-dimensional t.v.s.)

Let X be a finite-dimensional vector space. Then there exists a unique topology, which
satisfies that (X,T) is a topological vector space. In particular, every real or complex
topological vector space of dimension n is homeomorphic to R™ or C", respectively, and
all norms on R™ or C" are equivalent.

Proof. A proof can be found in |9, Korollar 2.2.2, pages 26-27]. O

Corollary A.10. Every finite-dimensional real (or complex) topological vector space
(X,T) is normable.

Proof. For dim(X) = n € N, there exists an isomorphism 1 : R” — X, which is also
a homeomorphism (Theorem [A.8). Clearly, the topology induced by ||z|| := |[¢v = (z)]|
equals T. O

Proposition A.11. Let (X,T) be a real topological vector space and A be a finite subset
of X. Then co(A) has nonempty interior as a subset of Aff(A), i.e. w.r.t. the relative

topology T | aga)-

Proof. Write A = {a1,...,a,}. By successively eliminating dependent vectors from
B ={a; —a1 : i € {2,...,n}}, we can find a maximal independent subset of B.
W.lo.g. suppose it is B' = {as — a1,...,ax — a1}, so that {ay,...,ax} is affinely
independent and each a; — a; with [ > k is a linear combination of vectors in B’. Then
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Aff(A) = Aff(aq,...,ax). By Theorem and since translations are homeomorphisms,
the map

RF1 —  Aff(A)
Q: k—1
()\17-'-,)%—1) — a1+ Z )\i(aiﬂ —al)
=1

is a homeomorphism. The set

k—1

{(Al,u-,)\k—l) S Rk_l N> O,Z < 1}
i=1

is open, nonempty and mapped into co(A) by ¢. O

Theorem A.12. Let X be a finite-dimensional topological vector space and A C X be
conver. Then there is a unique affine subspace W C X such that A C W, and as a
subset of W, A has nonempty interior.

Proof. Pick a1 € A and set B := A — a;. Note that 0 € B. Let V be the linear
subspace generated by B, i.e. let k € N and {b1,...,bx_1} C B be a maximal linearly
independent subset of B and define V' := span({bi,...,bx_1}). Furthermore, define
a; :=bj—1+ay fori € {2,...,k}, then W := a; +V is the affine span of {ai,...,ar}.
By construction, B C V and thus A C W = Aff(ay,...,a;). By Proposition we
know that co(ay,...,ax) has nonempty interior in W.

To show uniqueness note that any affine subspace Z containing A must contain aq, . . ., ax
and thus also Aff(aq,...,ax). If Z is an affine subspace of X containing A and its
dimension is larger than dim(Aff(aq,...,ax)), Aff(ay,...,axr) has empty interior in Z
and therefore also A has. O

Definition A.13. (Dimension of a convex set)

Let X be a finite-dimensional topological vector space and A C X convex. The
dimension of A is defined as the dimension of the unique affine subspace given by
Theorem [AT12]

Definition A.14. (A“" and 0°A)

Let (X, 7T) be a finite-dimensional topological vector space and A C X convex.

The intrinsic interior of A is defined as the interior of A as a subset of the unique affine
subspace W given by Theorem and is denoted by A",

The intrinsic boundary 0'A of A is defined by 0 A := AT \Avnt,

Proposition A.15. Let X be a finite-dimensional real topological vector space and
A C X be a convex body. Then

(i) The intrinsic boundary O'A of A is the union of all proper faces of A.
(it) Ifx € O'A and y € A", then {\: (1 — Nz + Iy € A} =[0,a] for some o > 1.
(iii) If x € A" and y € A, then {\: (1 — N)x + Ay € A} N (—00,0) # 0.
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Proof.

(i): According to Corollary X is locally convex. Consider the unique affine sub-
space W of X given by Theorem Write W = x + V for some x € X and a linear
subspace V of X. Since every subspace of a locally convex space endowed with the
relative topology is locally convex, we have that V. If we view A — x as a subset of
V, then A — x has nonempty interior and hence, Lemma shows that the union of
all proper faces of A — z equals (A — x) N 0 (A — x). It follows that the union of all
proper faces of A equals AN d'A and since A is compact and therefore closed, we get
ANOA=0'A,

(ii): We know that each point z € 9A lies in some proper face F of A. Since
) = A N PA and A" N JA D A N F by Lemma we know y ¢ F. As
A is convex, we know that A := {\: (1 — A\)z + Ay € A} is an interval and [0,1] C A.
If AN (—00,0) # (), then z is an interior point of a line segment in A with one end
point y ¢ F, which contradicts x € F. Let z : R — X be the continuous function
z(A) =1 =Nz + My. If An(1,00) =0, then y = )1\1\(H11 z(A\) with 2(\) ¢ A for A\ > 1,

which contradicts y € A",
(ii): Similar to (i), we obtain {A: (1 =AMz + Ay € A} 2 [0,1]. I {A: (1 - ANz + Ay €
A} N (—00,0) =0, then X = /1\1}% z(\), which contradicts € A", O

Proposition A.16. Let X be a finite-dimensional real topological vector space and
A C X be a conver body with dim(A) = n and let F' be a proper face of A. Then
dim(F) < n.

Proof. Let W be the unique n-dimensional affine space containing A given by Theorem
If dim(F) = n, then W must also be the unique n—dimensional affine subspace
containing F', and according to Theorem F' has nonempty interior as a subset of
W. We are led to a contradiction since F*" C A" but F C §'A by Lemma
Thus dim(F) < n. O

We are now ready to prove the Minkowski-Carathéodory Theorem, which will then be
used to verify the Krein-Milman approach.

Theorem A.17. (Minkowski-Carathéodory Theorem)
Let X be a finite-dimensional real topological vector space and A C X be a convex body
with dim(A) = n. Then every point in A is a convex combination of at most n + 1
extreme points. In fact, for any x, one can fix eg € Ext(A) and find ey, ..., e, € Ext(A)
such that x is a convex combination of {e; : 0 < i <n}. Ifx € A°, thenx =Y, \ie;
with Ao > 0. In particular,

A = co(Ext(A)).

Proof. As A is nonempty, compact and convex and X is locally convex (Corollary,
the Krein-Milman Theorem (Theorem guarantees the existence of extreme points.
We use induction on the dimension of A. For dim(A) = 0, which means A = {a} for
some a € X, the statement is trivial.
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Suppose the result holds for all sets B with dim(B) < n — 1 and let dim(A) = n.
If x € 8' A, then by means of Proposition we can find a proper face F' of A with z €

n
F. Proposition |A.16| implies dim(F") < n, so by the induction hypothesis, z = > \;e;
i=1

n
with A; > 0,i € {1,...,n}, >  \; =1 and {ey,...,e,} C Ext(F). From Proposition [A.6}
i=1

we know Ext(F') C Ext(A), so x is a convex combination of n extreme points of A. For
an arbitrary ey € Ext(A), if ey is already represented in the convex combination, we
are done. Otherwise, however, we can just add eg to the convex combination with the
factor A\p = 0.

If z € A" and ey € Ext(A) (clearly @ # eq, see Proposition (i)). Proposition
(ii), shows that {A : (1 — Neg + Az € A} = [0,¢] for some o« > 1. Let y =
(1 — a)eg + ax. For \g:=1—a~!, we have 0 < \g < 1 and

l—«o

y:(lfa)eo+ax<:>of1yf ep =< x = Neg+ (1 — No)y.

Let z : R — X be the continuous function z(\) := (1 —\)eg+ Az. We have y = )\h\r‘n z(A)
o

and hence y € 0'A and therefore y € F for some proper face F of A. By the induction
n

hypothesis we can write y as a convex combination y = > A\;e; of points eyq,...,e, €
i=1
Ext(F). From that we see that = is the convex combination

T = Mpeg + Z(l — )\0))\1 €;.

i=1
It suffices to recall that Ext(F) C Ext(A) by Proposition O

Now we are ready to verify the Krein-Milman approach. Let us recall the definition of
a convex function.

Definition A.18. (Convex function)
Let X be a real vector space and C' C X be convex. A function f : C — R is called
convex, if

Ve,ye CoA e [0,1]: fOx+ (1= Ny) < Af(z)+ (1 =N f)

Theorem A.19. (The Krein-Milman approach) If C' is a conver body in a finite-
dimensional topological vector space and f : C — R is a conver function that attains its
mazimum on C, then there is an extreme point e € C with f(e) = max{f(z): z € C}.

Proof. Suppose f attains its maximum at € C. Then, according to Theorem we
n

have x = Y \;e; for some n € N (w.l.o.g. we can assume \; # 0 for all ¢ € {1,...,n}).
i=1
By iterative use of the convexity of f and since f(e;) < f(z),i € {1...,n}, we get
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and thus f(e;) = f(z),i € {1,...,n}.
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