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Notation



Continuum mechanics

Deformation Φ : Ω→ R3

Displacement u := Φ− id

Deformation gradient F := ∇Φ

Cauchy-Green strain tensor C := F>F
Green strain tensor E := 1

2(C − I )

Linearized strain tensor ε(u) := 1
2(∇u> +∇u)

x

Φ(x)

u

Elasticity

W(u) =
1

2
‖E‖2M − 〈f , u〉
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Differential geometry

• Normal vector ν

Tangent vector τ

Element normal vector µ = ν × τ

µLµR

νL
νR

τL

τR

TL TR

• F = ∇τ̂φ, J =

• ν ◦ φ = 1
J cof(F )ν̂

τ ◦ φ = 1
JB

F τ̂
µ ◦ φ = ν ◦ φ× τ ◦ φ
µ ◦ φ = (F †)>µ̂

‖(F †)>µ̂‖

n ◦ φ = JF−>n̂
‖JF−>n̂‖2

= cof(F )n̂

φ

Ŝ S
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Thin-walled structures

t

ωξ

Ω x̂

ϕ

zβ

u

Ŝ

• Model of reduced dimensions

• Ω =
{
ϕ(ξ) + z ν̂(ξ) : ξ ∈ ω, z ∈

[
− t

2 ,
t
2

]}

• Φ(x̂ + z ν̂(ξ)) = φ(x̂) + z (x̂)

6
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Shell energy (Kirchhoff–Love)

W(u) =
t

4
‖I − I‖2M +

t3

24
‖II − II‖2M

• Membrane energy

• Bending energy

• Shearing energy

C. Weischedel: A discrete geometric view on

shear-deformable shell models, PhD thesis, Universität

Göttingen (2012).
7
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Examples

First (linear) shells in NGSolve!

New NGSolve WebGUI!
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Method and Shell Element



Discrete Curvature

W(u) := ‖∇ν‖2M =
∑
T∈Th

∫
T
‖∇ν‖2M dx

νL νR

〈∇ν,σ〉T =
∑
T∈Th

∫
T
∇ν|T : σ ds +

∑
E∈Eh

∫
E
^(νL, νR)σµµ dγ

• Measure jump of normal vector

⇒ L(u,σ) := −‖σ‖2M−1 + 〈∇ν,σ〉T
• Obtain Lagrangian

Grinspun, Gingold, Reisman and Zorin: Computing

discrete shape operators on general meshes, Computer

Graphics Forum 25, 3 (2006), pp. 547–556. 9
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Moment tensor

W(u) =
t

2
‖E ττ (u)‖2M +

t3

24
‖F>∇ν −∇ν̂‖2M

+
t3

24

∑
Ê∈Êh

‖^(νL, νR)− ^(ν̂L, ν̂R)‖2M,Ê

νL νR

• Measure change of angles

L(u,σ) =
t

2
‖Eττ (u)‖2M −

6

t3
‖σ‖2M−1 + 〈F>∇ν −∇ν̂,σ〉

+
∑
Ê∈Êh

〈^(νL, νR)− ^(ν̂L, ν̂R),σµ̂µ̂〉Ê

• σ has physical meaning of moment

• Fourth order problem → second order problem

10
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Ê∈Êh

〈^(νL, νR)− ^(ν̂L, ν̂R),σµ̂µ̂〉Ê
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Ê∈Êh

〈^(νL, νR)− ^(ν̂L, ν̂R),σµ̂µ̂〉Ê
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New formulation

Shell problem

Find u ∈ [H1(Ŝ)]3 and σ ∈ H(divdiv, Ŝ) for the saddle point

problem

L(u,σ) =
t

2
‖Eττ (u)‖2M −

6

t3
‖σ‖2M−1 + G (u,σ)− 〈f , u〉,

with

G (u,σ) =
∑
T̂∈T̂h

∫
T̂
σ : (Hν + (1− ν̂ · ν)∇ν̂) dx̂

−
∑
Ê∈Êh

∫
Ê

(^(νL, νR)− ^(ν̂L, ν̂R))σµ̂µ̂ dŝ.

Hν :=
∑

i (∇2ui )νi
11
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problem

L(u,σ) =
t

2
‖Eττ (u)‖2M −

6

t3
‖σ‖2M−1 + G (u,σ)− 〈f , u〉,

with

G (u,σ) =
∑
T̂∈T̂h

∫
T̂
σ : (Hν

+ (1− ν̂ · ν)∇ν̂

) dx̂

−
∑
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New formulation

Shell problem

Find u ∈ [H1(Ŝ)]3 and σ ∈ H(divdiv, Ŝ) for the saddle point

problem

L(u,σ) =
t

2
‖1

2
(uα|β + uβ|α)− bαβu3‖2M −

6

t3
‖σ‖2M−1 + G (u,σ)

− 〈f , u〉,

with

G (u,σ) =
∑
T̂∈T̂h

∫
T̂
σ : u3|αβ dx̂ −

∑
Ê∈Êh

∫
Ê
Ju3|µ̂Kσµ̂µ̂ dŝ.
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New formulation

Shell problem (Hybridization)

Find u ∈ [H1(Ŝ)]3, σ ∈ H(divdiv, Ŝ)dc and α ∈ Γ(Ŝ) for

L(u,σ) =
t

2
‖Eττ (u)‖2M −

6

t3
‖σ‖2M−1 + G (u,σ, α)− 〈f , u〉,

with

G (u,σ, α) =
∑
T̂∈T̂h

∫
T̂
σ : (Hν + (1− ν̂ · ν)∇ν̂) dx̂

−
∑
Ê∈Êh

∫
Ê

(^(νL, νR)− ^(ν̂L, ν̂R))
1

2
(σµ̂Lµ̂L + σµ̂R µ̂R ) dŝ

+

∫
Ê
αµ̂Jσµ̂µ̂K dŝ.
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The space H(divdiv)

H1(Ω) := {u ∈ L2(Ω) | ∇u ∈ [L2(Ω)]d}

Vk := Πk(Th) ∩ C (Ω)

A. Pechstein and J. Schöberl: The TDNNS method for

Reissner-Mindlin plates, J. Numer. Math. (2017) 137, pp.

713–740.

14
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Mapping to the surface

• Piola transformation

u ◦ φ = P[û] =
1

J
F û F = ∇x̂φ, J =

∫

• Preserve normal-normal continuity

σ ◦ φ =
1

J2
F σ̂F>

φ
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F û F = ∇x̂φ, J = det(F ) 1

∫

• Preserve normal-normal continuity

σ ◦ φ =
1

J2
F σ̂F>

φ φ

t̂ t
15



Mapping to the surface

• Piola transformation

u ◦ φ = P[û] =
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Shell element
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Shell element

Morley triangle:
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Relation to HHJ



Hellan–Herrmann–Johnson method

• Discretization method for 4th order

elliptic problems

div(div(∇2w)) = f ⇒ w ∈ H2(Ω)

σ = ∇2w ,

⇒ w ∈

div(div(σ)) = f ,

⇒ σ ∈ H(divdiv,Ω)

f

17



Hellan–Herrmann–Johnson method

• Discretization method for 4th order

elliptic problems

div(div(∇2w)) = f ⇒ w ∈ H2(Ω)

σ = ∇2w ,

⇒ w ∈

div(div(σ)) = f ,

⇒ σ ∈ H(divdiv,Ω)

f

17



Hellan–Herrmann–Johnson method

• Discretization method for 4th order

elliptic problems

div(div(∇2w)) = f ⇒ w ∈ H2(Ω)

σ = ∇2w ,

⇒ w ∈

div(div(σ)) = f ,

⇒ σ ∈ H(divdiv,Ω)

f

17



Hellan–Herrmann–Johnson method

• Discretization method for 4th order
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div(div(σ)) = f , ⇒ σ ∈ H(divdiv,Ω)

f
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Hellan–Herrmann–Johnson method

Hellan–Herrmann–Johnson

Find w ∈ H1(Ω) and σ ∈ H(divdiv,Ω) for the saddle point

problem

L(w ,σ) =− 1

2
‖σ‖2 −

∑
T∈Th

∫
T
∇w · div(σ) dx +

∫
∂T

(∇w)τσµτ ds

− 〈f ,w〉.

M. Comodi: The Hellan-Herrmann-Johnson method: some

new error estimates and postprocessing, Math. Comp. 52

(1989) pp. 17–29.
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Hellan–Herrmann–Johnson method

Hellan–Herrmann–Johnson

Find w ∈ H1(Ω) and σ ∈ H(divdiv,Ω) for the saddle point

problem

L(w ,σ) =− 1

2
‖σ‖2 +

∑
T∈Th

∫
T
w|αβ : σ dx −

∫
∂T

w|µσµµ ds

− 〈f ,w〉.

Linearization

If the undeformed configuration is a flat plane and f works

orthogonal on it, the HHJ method is the linearization of the

bending energy of our method.
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Structures with kinks

• Normal-normal continuous moment σ

• Preserve kinks

• Variation of L(u,σ) in direction δσ∫
Ê

(^(νL, νR)− ^(ν̂L, ν̂R))δσµ̂µ̂ dŝ
!

= 0

⇒ ^(νL, νR)− ^(ν̂L, ν̂R) = 0
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Computational aspect

∫
Ê

(^(νL, νR)− ^(ν̂L, ν̂R))σµ̂µ̂

∫
∂T̂

(^({ν}, ν)− ^({ν̂}, ν̂))σµ̂µ̂

{ν}

n

:=
1

‖νL

n

+ νR

n

‖(νL

n

+ νR

n

)

νL νR

{ν}
νL νR

{ν}
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n
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{ν}

n

:=
cof(F L)ν̂L + cof(FR)ν̂R
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νL νR

µ

{ν}
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Computational aspect

∫
Ê

(^(νL, νR)− ^(ν̂L, ν̂R))σµ̂µ̂

∫
∂T̂

(^(P⊥τ {ν}n, µ)− ^({ν̂}, µ̂))σµ̂µ̂

{ν}n :=
1

‖νLn + νRn‖(νL
n + νR

n)

νL νR

µ

{ν}

{ν}n

20



Algorithm

Final algorithm

For given un compute

{ν}n = Av(un).

Then find u ∈ [H1(Ŝ)]3 and σ ∈ H(divdiv, Ŝ) for

L{ν}n(u,σ) =
t

2
‖Eττ (u)‖2M −

6

t3
‖σ‖2M−1 + G{ν}n(u,σ)− 〈f , u〉,

with

G{ν}n(u,σ) =
∑
T̂∈T̂h

∫
T̂
σ : (Hν + (1− ν̂ · ν)∇ν̂) dx̂

−
∫
∂T̂

(^(P⊥τ {ν}n, µ)− ^({ν̂}, µ̂))σµ̂µ̂ dŝ.

21



Examples

Hellan–Herrmann–Johnson method for plates and nonlinear shells

in NGSolve!

22



Membrane Locking



Membrane locking

W(u) =
t

2
‖E ττ (u)‖2M +

t3

24
‖F>∇(ν ◦ φ)−∇ν̂‖2M − f · u

• Enforces Emem(u) = 0 in the limit t → 0

Emem(u) = 0 ;;; Emem(uh) = 0

Vh = Π(Th) ∩ C (Ω) ⊂ H1(Ω)

23
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Hyperboloid with free ends
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Regge Elements



Regge calculus

• Metric tensor

• tangential-tangential continuous

T. Regge: General relativity without coordinates, Il Nuovo

Cimento (1955-1965), 19 (1961), pp. 558–571.
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Regge elements

Regkh := {σ ∈ [Πk(Th)]d×dsym | t>σt is continuous over elements}

H(curlcurl) := {σ ∈ [L2(Ω)]d×dsym | curl (curl σ)> ∈ [H−1(Ω)]d
?×d?}

S. H. Christiansen: On the linearization of Regge calculus,

Numerische Mathematik 119, 4 (2011), pp. 613–640.
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Regge elements

Regkh := {σ ∈ [Πk(Th)]d×dsym | t>σt is continuous over elements}

H(curlcurl) := {σ ∈ [L2(Ω)]d×dsym | curl (curl σ)> ∈ [H−1(Ω)]d
?×d?}

L. Li: Regge Finite Elements with Applications in Solid

Mechanics and Relativity, PhD thesis, University of Minnesota

(2018).
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Membrane locking

1

t2
‖E ττ (u)‖2M

‖sym(Pτ∇τu)‖2M = ‖1

2
(uα|β + uβ|α)− bαβu3‖2M

• Reduced integration for quadrilateral meshes

• Regge interpolant for triangles
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Membrane locking

1

t2
‖IkRE ττ‖2M

‖sym(Pτ∇τu)‖2M = ‖1

2
(uα|β + uβ|α)− bαβu3‖2M

• Reduced integration for quadrilateral meshes

• Regge interpolant for triangles

• R ∈ Regkh , Q ∈ [Regkh]∗

1

t2
‖R‖2M + 〈Q,R − E ττ 〉
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Dual space

〈·, ·〉 : [Regkh]∗ × Regkh → R

(Ψ,ϕ) 7→ Ψ(ϕ)

• Edge functionals

ΨEαβ ,i : σ 7→
∫
Eαβ

στE τE qE ,i ds, {qE ,i} basis of Πk(Eαβ)

• Element functionals

ΨT ,i : σ 7→
∫
T
σ : qT ,i dx , {qT ,i} basis of [Πk−1(T )]2×2sym
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Dual space

〈·, ·〉 : [Regkh]∗ × Regkh → R
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Membrane locking

1

t2
‖IkRE ττ‖2M

‖sym(Pτ∇τu)‖2M = ‖1

2
(uα|β + uβ|α)− bαβu3‖2M

• Reduced integration for quadrilateral meshes

• Regge interpolant for triangles

• R ∈ [Regkh]dc , Q ∈ [Regkh]∗,dc

1

t2
‖R‖2M + 〈Q,R − E ττ 〉

u continuous (pw smooth), F τ t-continuous, E ττ tt-continuous
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Examples

Application of interpolation operator: MITC elements!
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Hyperboloid with free ends

2R

A

2R

101 102 103 104

0

0.2

0.4

0.6

0.8

1

nel

er
ro
r

10−1

10−2

10−3

10−4

101 102 103 104

0

0.5

1

1.5

·10−2

nel

er
ro
r

10−1

10−2

10−3

10−4

32



Open hemisphere with clamped ends
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Numerical Examples



Cantilever subjected to end moment
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Cantilever subjected to end moment
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Cantilever subjected to end moment
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T-Section Cantilever

L

W

H

P

A

• P = 2× 103

E = 6× 106

ν = 0

t = 0.1

L = 1

W = 1

H = 1
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T-Section Cantilever
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Summary

• Koiter shell element

• Moment tensor

• Generalization of HHJ to shells

• Kinks without extra treatment

• Membrane locking & Regge calculus

• Regge interpolant to overcome locking

• Extension to Naghdi shells

Thank You for Your attention!
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