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Abstract—The eddy current problem is solved on a stack of iron sheets using the multiscale finite element method (MSFEM).
This allows a calculation of the solution without having to resolve each sheet in the finite element mesh. In order to further
increase the efficiency of the multiscale method, a hierarchical error estimator is implemented, which allows for p-refinement
on the chosen mesh. The estimator is based on the solution of small local problems posed on the space of the higher order
finite element bubble functions.

Index Terms—Eddy currents, multiscale FEM, hierarchical error estimator

I. THE MULTISCALE METHOD

The weak formulation of the linear eddy current
problem in the frequency domain is given as: Find the
magnetic vector potential A ∈ H(curl), so that∫

Ω

µ−1curlA · curlv + iωσA · v dΩ︸ ︷︷ ︸
:=a(A,v)

=

∫
Ω

J · v dΩ︸ ︷︷ ︸
:=f(v)

(1)
for all v ∈ H(curl) with the magnetic permeability µ,

the electric conductivity σ and the angular frequency ω.
The first order MSFEM approximates the magnetic

vector potential via the expansion

AMS = A0 + φ1A1 +∇(φ1w1) (2)

with the unknown components A0,A1 ∈ H(curl) and
w1 ∈ H1 defined on a coarse mesh which does not
resolve the iron sheets. The local behavior is resolved
by the piecewise polynomial shape function φ1.

Using (2) in (1) gives the new problem

ā(AMS ,vMS) = f̄(vMS). (3)

Details about the method and the averaged forms ā
and f̄ can be found in [1].

II. THE ERROR ESTIMATOR

The developed estimator is based on the known hier-
archical estimators for the H1 (see for example [2]) and
the H(curl) (see [3]), which are extended to fit into the
multiscale setting.

Let Vn := Nn × Nn × Pn+1 with the nth order
Nedelec space Nn ⊂ H(curl) and the space of con-
tinuous element-wise polynimals of order n+ 1, denoted
by Pn+1 ⊂ H1. Let An

MS ∈ Vn be the finite element
solution of (3). Define the space of higher order bubble
functions Bn := Vn+1 \ Vn. The estimating function is
given as the solution of: Find z ∈ Bn so that

ā(z, χ) = ā(An
MS , χ)− f̄(χ) ∀χ ∈ Bn. (4)

III. NUMERICAL EXAMPLE

Consider an eight of a stack of iron sheets, as illus-
trated in Fig.1. The error estimator was applied to each
finite element individually. In each iteration all elements
with an estimated error greater than one fourth of the
maximum over all elements were refined. It can be seen
that the estimator correctly refines in the regions of the
greatest variation and the adaptive method is much more
efficient with respect to the degrees of freedom, compared
to uniform refinement.

Fig. 1. The current density J in a cross section of the domain (top left),
the distribution of refinements in each element (bottom left, adpative
orders ranging from 0 (dark blue) to 9 (dark red)) and the estimated
total error with respect to the degrees of freedom (right).
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