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Example 1.1

Prove that the stabilized P2P2 method is inf-sup stable (set β = 0). To this end we define
B((uh, ph), (vh, qh)) as the “big” stabilized bilinear form. Further, note that there holds (see
proof of Theorem 13)

sup
vh∈Vh

b(vh, qh)

‖vh‖1
≥ c1‖qh‖0 − c2‖qh‖0,h ∀qh ∈ Qh. (1)

with two constants c1, c2 > 0. Now follow these steps:

1. First prove by scaling arguments that there exists a constant c3 such that

c3

∑
T∈Th

h2‖ div(ε(uh))‖2T ≤ ‖∇vh‖20 ∀vh ∈ Vh.

2. Now let vh, qh be arbitrary but fixed.

3. Choose u1
h to be the supremum of (1) and scale it such that ‖u1

h‖1 = ‖qh‖0. Further choose
p1
h = 0. Bound B((u1

h, p
1
h), (vh, qh)) from below. This step should give you a bound from

below with a positive sign in front of ‖qh‖0 and some other negative parts...

4. Choose u2
h = vh and p2

h = ... such that the off-diagonal constraints vanish and that you get
something “positive” that could be used to compensate the term from the previous step.
Here you should see that 0 < α < c3 needs to be small enough.

5. Combine the previous two steps (you might have to add a scaling parameter that needs to
be adjusted at the end).

For above proofs you will need the inverse inequality for polynomials and the Young inequality
(and Friedrich and Korn).

Example 1.2

Derive an (improved O(hkV +1)) error estimate of the L2-norm error of the velocity by a Aubin-
Nitsche duality argument. For this we define the dual problem: Find (w, λ) ∈ V × Q such
that

a(v, w) + b(w, q) + b(v, λ) = (f, v) ∀(v, q) ∈ V ×Q.

and assume that the solution fulfills the regularity (w, λ) ∈ H2 ×H1. Then follow similar steps
as in the derivation of the improved estimates for the Poisson equation.
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Example 1.3

Implement two arbitrary inf-sup stable finite element methods for the Stokes problem in Net-
gen/NGSolve (with a cont. and disc. pressure space). Plot the expected order of convergence of
the H1-semi norm and the L2-norm error of the velocity and the L2-norm error of the pressure.
Choose the example from the lecture and set ν = 1. You can go to www.ngsolve.org to find
a documentation. There, you should also find an entry regarding the Stokes equations (for the
simplified version −∆u + ∇p = f , thus you need to adapt it). For the mean value constraint
either use a Lagrange parameter in R (in NGSolve this is the Numberspace(mesh)) or use a
pertubed problem by adding the bilinearform

−ε
∫

Ω
phqh dx,

with ε� 1. (Try both versions)

Example 1.4

Implement the stabilized P2P2 method and plot the expected order of convergence of the H1-
semi norm and the L2-norm error of the velocity and the L2-norm error of the pressure. If you
do not see the proper order try a smaller α. A different stabilization is given by the bilinear
form

c((uh, ph), (vh, qh)) =α
∑
T∈Th

h2

∫
T

(−ν div(ε(uh)) +∇ph) · (ν div(ε(vh)) +∇qh) dx .

Change the right hand side appropriately and redo the calculations. How big can you choose α?
What do you observe in the L2-norm error of the velocity (see Example 1.2)? You can access
second order derivatives (on each element) in NGSolve by u.Operator("hesse"), where u is a
trial or test function.
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